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Problem 1

(i) This is true by the Heine-Borel Theorem.

(ii) This is false: the unit ball B1(0) in a metric space (X, d) is convex if the
metric d is induced by a norm, but otherwise need not be. A counterexample
covered in class is the vector space R2 equipped with the metric

d1/2(x, y) = |x1 ≠ y1|1/2 + |x2 ≠ y2|1/2.

(iii) This is false: any two norms on a finite-dimensional vector space are neces-
sarily equivalent, but ¸1 is infinite-dimensional. An example of norms that
are not equivalent on ¸1 is

ÎxÎ1 =
Œÿ

i=1
|xi| and ÎxÎŒ = sup

iœN
|xi|.

(iv) This is also false: Let ”Õ be the functional on (Cb(R), Î · ÎŒ) given by

”Õ(f) = f Õ(0), f œ Cb(R)

Then Y = R is one-dimensional, but we have seen in class that ”Õ is an
unbounded operator on this space.

Problem 2 Let us first verify that the metric axioms are satisfied. For any
x, y œ R we indeed have:

(i) d(x, y) = ln(1 + |x ≠ y|) Ø 0, and d(x, y) = 0 if and only if x = y.

(ii) d(y, x) = ln(1 + |y ≠ x|) = ln(1 + |x ≠ y|) = d(x, y).

(iii) Finally, we verify the triangle inequality. Note that for any x, y, z œ R:

1 + |x ≠ z| = 1 + |x ≠ y + y ≠ z|
Æ 1 + |x ≠ y| + |y ≠ z|
Æ 1 + |x ≠ y| + |y ≠ z| + |x ≠ y| · |y ≠ z|
= (1 + |x ≠ y|)(1 + |y ≠ z|).

As the (natural) logarithm is a strictly increasing function, it follows that

d(x, z) = ln(1 + |x ≠ z|)
Æ ln ((1 + |x ≠ y|)(1 + |y ≠ z|))
= ln(1 + |x ≠ y|) + ln(1 + |y ≠ z|) = d(x, y) + d(y, z)
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This shows that (R, d) is a metric space.

Now let us see that (R, d) is complete. Let (xn) denote a Cauchy sequence in
(R, d). From the hint that x ≠ x2/2 Æ ln(1 + x) Æ x for 0 < x < 1, it follows that
if d(xm, xn) < 1, then

d(xn, xm) = ln(1 + |xn ≠ xm|) Ø |xn ≠ xm| ≠ 1
2 |xn ≠ xm|2 Ø 1

2 |xn ≠ xm|.

Thus, we have |xn ≠ xm| Æ 2d(xn, xm), and we see that (xn) is necessarily also
Cauchy in (R, | · |), which is complete. It follows that there exists x œ R such that
for every Á > 0 we can find N œ N such that

n Ø N ∆ |xn ≠ x| < Á.

Finally, since ln(1 + x) Æ x for 0 < x < 1, it follows that

n Ø N ∆ d(xn, x) = ln(1 + |x ≠ xn|) Æ |xn ≠ x| < Á.

This shows that xn æ x in (R, d), and thus the space is complete.

Problem 3 Recall that C[≠1, 1] is a complete metric space when equipped
with the metric induced by the supremum norm. Moreover, we note that for any
two functions f, g œ C[≠1, 1], we have

d(Tf, Tg) = sup
≠1ÆtÆ1

----
1
2 · f (≠t) + et ≠ 1

2 · g (≠t) ≠ et
----

= 1
2 sup

≠1ÆtÆ1
|f (≠t) ≠ g (≠t)|

Æ 1
2 sup

≠1ÆtÆ1
|f(t) ≠ g(t)| = 1

2d(f, g).

This shows that T is a contraction on (C[≠1, 1], d). Thus, by Banach’s Fixed
Point Theorem there exists a unique fixed point which can be found by iteration.



TMA4145 Linear Methods, December 2021 Page 3 of 8

Starting with f0(t) = 0 and letting fn+1 = Tfn, we get:

f0(t) = 0
f1(t) = et

f2(t) = 1
2e≠t + et

f3(t) = 1
4et + 1

2e≠t + et = 1
2e≠t + (1 + 1

22 )et

...

f2n(t) = et

A
n≠1ÿ

k=0

1
22k

B

+ e≠t

A
n≠1ÿ

k=0

1
22k+1

B

f2n+1(t) = et

A
nÿ

k=0

1
22k

B

+ e≠t

A
n≠1ÿ

k=0

1
22k+1

B

As n æ Œ, we see that

fn æ et ·
Œÿ

k=0

1
4k

+ e≠t ·
Œÿ

k=0

1
22k+1 .

We have that Œÿ

k=0

1
4k

= 4
3

(by sums of geometric series) and
Œÿ

k=0

1
22k+1 =

Œÿ

k=0

1
2k

≠
Œÿ

k=0

1
22k

= 2 ≠ 4
3 = 2

3 .

Thus the unique function f œ C[≠1, 1] satisfying Tf = f is

f(t) = 4
3et + 2

3e≠t.

(Note that this is easily verified by insertion.)

Problem 4

a) In order for C0(R) µ Cb(R) to be a subspace, it must contain the zero ele-
ment, and be closed under vector addition and scalar multiplication. These
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properties follow from the definition of C0(R), and the properties of limits:
for f, g œ C0(R) and c œ C, we have

lim
|t|æŒ

f(t) + g(t) = lim
|t|æŒ

f(t) + lim
|t|æŒ

g(t) = 0

lim
|t|æŒ

cf(t) = c lim
|t|æŒ

f(t) = 0.

The zero element, 0(t) = 0 for all t œ R, necessarily satisfies lim|t|æŒ 0(t) = 0,
so C0(R) is a subspace of Cb(R).
Now let us see that this subspace is closed in Cb(R). Let (fn) µ C0(R) be
a sequence converging to some f œ Cb(R). Fix Á > 0, and find N œ N such
that

Îf ≠ fNÎŒ <
Á

2 .

Since fN œ C0(R) there exists T œ R such that

|fN(t)| <
Á

2 ,

whenever |t| > T . Combining these, we have that for |t| > T

|f(t)| Æ |f(t) ≠ fN(t)| + |fN(t)| < Îf ≠ fNÎŒ + Á

2 < Á.

This shows that f(t) æ 0 as |t| æ Œ, and so f œ C0(R). In turn, this
implies that C0(R) is closed.
Finally, recall that (Cb(R), Î · ÎŒ) is a Banach space, and closed subspaces
of Banach spaces are themselves Banach. Thus, (C0(R, Î · ÎŒ)) is a Banach
space.

b) To show that the functional is bounded, we observe that

|µ(f)| =
----
⁄ Œ

≠Œ
f(t)e≠|t| dt

----

Æ
⁄ Œ

≠Œ
|f(t)|e≠|t| dt

Æ ÎfÎŒ · 2
⁄ Œ

0
e≠t dt = 2ÎfÎŒ.

This shows that µ is a bounded operator, and ÎµÎ Æ 2.
Let us now see that ÎµÎ = 2. Let fn be the function illustrated in Figure 1
(i.e. fn(t) = 1 for |t| < n and f(t) = 0 for |t| > n + 1). Then fn œ C0(R) and
ÎfnÎŒ = 1 for each n œ N. Moreover, we have that

|µ(fn)| =
⁄ Œ

≠Œ
fn(t)e≠|t| dt Ø

⁄ n

≠n
e≠|t| dt = 2

⁄ n

0
e≠t dt = 2(1 ≠ e≠n),



TMA4145 Linear Methods, December 2021 Page 5 of 8

Figure 1: A sequence of functions fn for which |µ(fn)| æ 2 as n æ Œ.

x

y

≠n≠(n + 1) (n + 1)n

1 fn

and thus

ÎµÎ = sup
ÎfÎ=1

|µ(f)| Ø sup
nœN

|µ(fn)| = sup
nœN

2(1 ≠ e≠n) = 2.

Combined with the inequality ÎµÎ Æ 2, this shows that ÎµÎ = 2.

Problem 5 The range of the operator T is the closed subspace

M = {x œ ¸2 : x2i = 0 for all i œ N}.

It is clear that range(T ) µ M . To verify the reverse implication, note that for any
x œ M , we have

y = 1
2x =

3
x1
2 , 0,

x3
2 , 0,

x5
2 , 0, . . .

4
œ ¸2,

and Ty = x, so x œ ran(T ). This shows M = ran(T ).

The orthogonal complement M‹ is defined as

M‹ =
Ó
y œ ¸2 : Èy, xÍ = 0 for all x œ M

Ô
.

Now let y œ ¸2 be a sequence satisfying y2i≠1 = 0 for all i œ N. It is clear that such
a vector necessarily belongs to M‹. To see that this condition is also necessary,
note that the standard unit vector ”2i≠1 œ M for every i œ N. It follows that any
element y œ M‹ must satisfy

Èy, ”2i≠1Í = y2i≠1 = 0 for each i œ N.

We thus have
M‹ =

Ó
x œ ¸2 : x2i≠1 = 0 for all i œ N

Ô
.

Finally, we not that T is not an orthogonal projection onto a closed subspace of
¸2, as any such orthogonal projection must necessarily satisfy T ¶ T = T 2 = T on
¸2. In our case, we have

T 2x = (4x1, 0, 4x3, 04x5, 0, . . .) ”= (2x1, 0, 2x3, 0, 2x5, 0, . . .) = Tx

for all nonzero x œ ¸2.
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Problem 6 Let U : X æ X be a bounded linear operator on a Hilbert space
(X, È·, ·Í) , and denote by ÎUÎ its operator norm.

a) We show first that ÎUúÎ Æ ÎUÎ. For x œ X, we have

ÎUúxÎ2 = ÈUúx, UúxÍ = ÈUUúx, xÍ Æ ÎUUúxÎÎxÎ Æ ÎUÎÎUúxÎÎxÎ,

where for the first inequality we have used the Cauchy-Schwarz inequality
and for the second we have used the boundedness of U . Assuming Uúx ”= 0,
we divide by ÎUúxÎ on both sides of the inequality to obtain

ÎUúxÎ Æ ÎUÎÎxÎ

(and note that the inequality holds true also when Uúx = 0). It follows that
the adjoint operator Uú is bounded, and ÎUúÎ Æ ÎUÎ.
Finally, since (Uú)ú = U , it follows from the result above that

ÎUÎ = Î(Uú)úÎ Æ ÎUúÎ.

We conclude that ÎUÎ = ÎUúÎ.

b) Suppose that ÎUÎ Æ 1, and that x œ X is a fixed point of U , meaning
Ux = x. From a) we then know that ÎUúÎ Æ 1. We will verify that x is also
a fixed point of Uú by showing that the norm of ÎUúx ≠ xÎ = 0. We have:

0 Æ ÎUúx ≠ xÎ2 = ÈUúx ≠ x, Uúx ≠ xÍ
= ÎUúxÎ2 ≠ ÈUúx, xÍ ≠ Èx, UúxÍ + ÎxÎ2

Æ ÎxÎ2 ≠ Èx, UxÍ ≠ ÈUx, xÍ + ÎxÎ2

= 2ÎxÎ2 ≠ 2Èx, xÍ = 0

This shows that ÎUúx ≠ xÎ = 0, and thus we must have Uúx = x.

Problem 7 Suppose µ be an eigenvalue of L. Then

L(x) = (x2, x3, x4, . . .) = (µx1, µx2, µx3, . . .),

and thus

x2 = µx1

x3 = µx2 = µ2x1
...

xn = µn≠1x1,
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so a corresponding eigenvector must be of the form

v = (aµj)Œ
j=0, (1)

for some nonzero a œ F. If |µ| < 1, then

ÿ
|vj|2 = a2

Œÿ

j=0
|µ|2j < Œ,

so v œ ¸2, and this is indeed the eigenvector corresponding to µ. On the other
hand, if |µ| Ø 1, then the sequence v in (1) is not an element of ¸2 (as the sumq |vi|2 diverges). Thus, µ cannot be an eigenvalue of L in this case.

Problem 8 We start by finding the singular values of A. We have

AúA =
C
10 10
10 10

D

,

and thus the eigenvalues of AúA are the roots of the characteristic polynomial

det(AúA ≠ ⁄I) = (10 ≠ ⁄)2 ≠ 102 = ⁄(⁄ ≠ 20).

This gives the singular values ‡2
1 = 20 and ‡2

2 = 0. We find the corresponding
eigenvectors:

C
10 ≠ ‡2

1 10
10 10 ≠ ‡2

1

D

v1 =
C
≠10 10
10 ≠10

D

v1 =
A

0
0

B

∆ v1 = 1Ô
2

A
1
1

B

.

C
10 ≠ ‡2

2 10
10 10 ≠ ‡2

2

D

v2 =
C
10 10
10 10

D

v2 =
A

0
0

B

∆ v2 = 1Ô
2

A
1

≠1

B

.

Thus, a singular value decomposition of A is of the form A = U�V ú, where we
may choose

� =
C Ô

20 0
0 0

D

and V = 1Ô
2

C
1 1
1 ≠1

D

.

Finally, we determine the columns of U . The first column is given by

u1 = 1
‡1

Av1 = 1Ô
20

C
1 1
3 3

D A
1/

Ô
2

1/
Ô

2

B

= 1Ô
10

A
1
3

B

.



Page 8 of 8 TMA4145 Linear Methods, December 2021

For the second column, we may choose anything orthogonal to u1, for instance
u2 = (1/

Ô
10)(3, ≠1)€. This choice gives the matrix

U = 1Ô
10

C
1 3
3 ≠1

D

A polar decomposition of A is given by

A = U�V ú = UV úV �V ú = WP,

with W = UV ú and P = V �V ú. With the matrices U , � and V as given above,
we thus find

W = UV ú = 1Ô
20

C
4 ≠2
2 4

D

= 1Ô
5

C
2 ≠1
1 2

D

,

and
P = V �V ú =

Ô
5

C
1 1
1 1

D

.


