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Problem 1 In this problem, there are multiple counterexamples in each case.
I will present only one, and explain why it is a counterexample. Any valid coun-
terexample qualifies for a full score.

i) Consider the sequence (fn)n∈N ⊂ C[0, 1], where

fn(t) =


0 if 0 ≤ t < 1

2
n
(
t− 1

2

)
if 1

2 ≤ t ≤ 1
2 + 1

n

1 if 1
2 + 1

n
< t ≤ 1

This sequence is Cauchy in (C[0, 1], ‖·‖1); given n > m, we have

d(fn, fm) = ‖fn − fm‖1 =
∫ 1

0
|fn(t)− fm(t)| dt = 1

2

( 1
m
− 1
n

)
≤ 1

2m.

Thus, the distance d(fn, fm) can be made arbitrarily small by choosing
m sufficiently large. However, the sequence (fn)n∈N is not convergent in
(C[0, 1], ‖·‖1); one can show that if fn → f for some function f in the ‖·‖1
norm, then f must necessarily satisfy

f(t) =

0 if 0 ≤ t < 1
2

1 if 1
2 < t ≤ 1

,

and this is not an element of C[0, 1].

ii) Consider the norms ‖·‖1 and ‖·‖∞ on the vector space of summable sequences
`1. For any natural number N , we can define

xN =
N∑

j=1
δj = (1, 1, . . . , 1, 0, 0, . . .).

We have ‖xN‖∞ = 1, whereas ‖xN‖1 = N . Thus, we cannot find a fixed
constant C > 0 such that

‖x‖1 ≤ C ‖x‖∞ ∀x ∈ `1.

It follows that the norms ‖·‖1 and ‖·‖∞ are not equivalent on `1.

iii) Let d : R× R→ R be the discrete metric given by

d(x, y) =

0 if x = y

1 otherwise
.
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This metric is not induced by a norm. To see this, observe that if d is induced
by a norm ‖·‖, then

d(x, y) = ‖x− y‖ ,
and in particular

d(cx, cy) = ‖cx− cy‖ = |c| ‖x− y‖ .

Choosing x 6= y in R and any positive c 6= 1, we reach a contradiction.

iv) Any norm on a vector space X induced by an inner product will necessarily
satisfy the parallelogram law

‖x− y‖2
p + ‖x+ y‖2

p = 2
(
‖x‖2

p + ‖y‖2
p

)
for all x, y ∈ X.

We claim that the parallelogram law does not hold in any `p space (with the
usual norm) except `2, and verify this for `1: Let

x = (1, 1, 0, 0, . . .),
y = (1,−1, 0, 0, . . .).

Then x, y ∈ `1, and

x+ y = (2, 0, 0, . . .),
x− y = (0,−2, 0, . . .).

We have
‖x‖1 = ‖y‖1 = ‖x+ y‖1 = ‖x− y‖1 = 2,

and it follows that

8 = ‖x− y‖2
1 + ‖x+ y‖2

1 6= 2
(
‖x‖2

1 + ‖y‖2
1

)
= 16.

This shows that the usual norm on `1 does not satisfy the parallelogram law,
and thus cannot be induced by an inner product on the vector space.

v) Let p = 2, q = 4 and let x be the sequence (xn)n∈N = (1/
√
n)n∈N. Then

∞∑
n=1

∣∣∣∣∣ 1√
n

∣∣∣∣∣
4

=
∞∑

n=1

1
n2 <∞,

so clearly x ∈ `4. On the other hand, we have
∞∑

n=1

∣∣∣∣∣ 1√
n

∣∣∣∣∣
2

=
∞∑

n=1

1
n
→∞,

so x /∈ `2.
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Problem 2

a) We follow the proof on page 76 in Heil’s book: Suppose that K is a compact
set, and fix any point x ∈ X. Then the union of the open balls Bn(x) over
n ∈ N is all of X, so {Bn(x)}n∈N is an open cover of K ⊆ X. This cover
must have a finite subcover, say

{Bn1(x), Bn2(x), . . . , BnM
(x)}.

Now let
N = max

1≤j≤M
nj.

It is clear that
K ⊆

M⋃
j=1

Bnj
(x) = BN(x).

(That is, the union of balls is contained in the ball with the largest radius,
as all balls are centered at x.) Thus, K is bounded.

b) Let K = [0, 1) ∪ (1, 2]. In order to show that K is not compact, we have to
find an open cover of K which does not contain a finite subcover. Let

Un =
[
0, 1− 1

n

)
∪
(
1 + 1

n
, 2
]
.

Then ∪nUn = K, so {Un}n∈N is an open cover of K. However, the collection
{Un} does not contain a finite subcover; given any finite collection

{Un1 , Un2 , . . . , UnM
}

we let
N = max

1≤j≤M
nj,

and observe that
⋃

1≤j≤M

Unj
= UN =

[
0, 1− 1

N

)
∪
(
1 + 1

N
, 2
]
.

This set does not contain K for any fixed N . Thus, K is not compact.
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Problem 3 Consider the space of continuous functions C[0, 1/2] equipped
with the metric induced by the supremum norm

d(f, g) = ‖f − g‖∞ = sup
0≤t≤1/2

|f(t)− g(t)| .

Let T : C[0, 1/2]→ C[0, 1/2] be given by

(Tf)(t) = 1−
∫ t

0
αsf(s) ds, 0 ≤ t ≤ 1/2,

where α is a fixed, positive real number.

a) The map T is a contraction on C[0, 1/2] if there exists a constant 0 ≤ K < 1
such that

d(Tf, Tg) ≤ Kd(f, g)

for all f, g ∈ C[0, 1/2]. We see that

d(Tf, Tg) = ‖Tf − Tg‖∞
=
∥∥∥∥∫ t

0
αsf(s) ds−

∫ t

0
αsg(s) ds

∥∥∥∥
∞

= α
∥∥∥∥∫ t

0
s (f(s)− g(s)) ds

∥∥∥∥
∞

≤ α ‖f − g‖∞
∫ t

0
s ds

≤ 1
2αt

2 · d(f, g) ≤ α

8 · d(f, g).

(1)

Thus, we have
d(Tf, Tg) ≤ Kd(f, g), K = α/8,

and this is a contraction if 0 < α < 8.
Note that for any pair of functions f, g ∈ C[0, 1/2] where f − g is constant
and t = 1/2, all inequalities in (1) are in fact equalities. It follows that T is
not a contraction for any α ≥ 8.

b) Now let α = 2. Then T is a contraction by a), and the metric space
(C[0, 1/2], d∞) is complete. We may thus conclude from Banach’s Fixed
Point Theorem that T has a unique fixed point f ∗ ∈ C[0, 1/2]. Starting
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from f0(t) = 0, we find:

f1(t) = 1

f2(t) = 1−
∫ t

0
2sf1(s) ds = 1− t2

f3(t) = 1−
∫ t

0
2sf2(s) ds = 1− t2 + 1

2t
4

f4(t) = 1−
∫ t

0
2sf3(s) ds = 1− t2 + 1

2t
4 − 1

3t
6

...

fn+1(t) =
n∑

k=0
(−1)k t

2k

k!

When n → ∞ we see that

fn+1(t)→
∞∑

k=0

(−t2)k

k! = e−t2
.

Thus, the unique fixed point of T is f ∗(t) = e−t2 (and it is easily checked
that Tf ∗ = f ∗).

Problem 4 Let `2 = `2(C) denote the space of complex-valued sequences
x = (xj)j∈N with the usual `2 norm

‖x‖2 =
 ∞∑

j=1
|xj|2

1/2

.

For a fixed real number r > 0, let Mr ⊂ `2 denote the set

Mr =
{
x ∈ `2 : |xj| ≤ r for all j ∈ N

}
.

a) We show first that Mr is convex. Let x = (xj) and y = (yj) be elements of
Mr. Then for any 0 ≤ t ≤ 1, we have

|txj + (1− t)yj| ≤ t|xj|+ (1− t)|yj| ≤ tr + (1− t)r = r ∀ j ∈ N,

and thus tx+ (1− t)y ∈Mr. This shows that Mr is a convex set.
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Now let us see that Mr is closed. Suppose (xj) ⊂ Mr is a sequence of
elements, and let xj → x ∈ `2. We need to show that x ∈Mr. Since xj → x,
we have ∞∑

k=1
|xj(k)− x(k)|2 → 0 as j →∞,

and in particular |xj(k) − x(k)| → 0 as j → ∞ for every fixed k ∈ N. To
see that this implies |x(k)| ≤ r, assume to the contrary that there exists a
k0 ∈ N such that |x(k0)| ≥ r. Then

|x(k0)| = r + ε for some ε > 0.

Since |xj(k0)− x(k0)| → 0 as j →∞, there exists some N > 0 such that

|xj(k0)− x(k0)| < ε

2 for j > N.

This in turn implies that

|xj(k0)| ≥ |x(k0)| − ε

2 = r + ε

2 > r,

which is a contradiction since xj ∈Mr. We conclude that x ∈Mr, and thus
Mr is closed.
Finally,Mr is not a subspace of `2 for any r. Given a vector subspaceM ⊂ `2,
we have that ax+by ∈M for any two elements x, y ∈M and any two scalars
a, b. To see that this is not the case here, we can (for example) choose

x = y = rδ1 = (r, 0, 0, . . .),

and a = b = 1. We then have

ax+ by = x+ y = (2r, 0, 0, . . .) /∈Mr.

b) Now let r = 1. Since `2 is a Hilbert space, and M1 ⊂ `2 is both closed and
convex, we know by the Closest Point Theorem that given any y ∈ `2 there
exists a unique element in M1 that is closest to y. Given any x ∈ M1, we
have

‖x− y‖2
2 =

∞∑
j=1
|xj − yj|2,

and this sum is minimized if all terms are minimized. Let J ⊂ N be the set
of indices for which |yj| ≤ 1. For these it is clearly optimal to choose xj = yj.
For j /∈ J , we have |yj| > 1 and

|xj − yj| ≥ |yj| − |xj|, (2)
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by the reversed triangle inequality. Moreover, equality is attained in (2)
(only) if xj = yj/|yj|. Thus, the unique point x = (xj) ∈ M1 closest to y is
given by

xj =

yj if j ∈ J
yj

|yj | if j /∈ J
.

Problem 5 Let {δn}n∈N be the sequence of standard basis vectors in `2, and
for each integer n ≥ 1 let

zn = δn + δn+1,

meaning z1 = (1, 1, 0, 0, . . .), z2 = (0, 1, 1, 0, 0, . . .) and so on. We let Z = {zn}n∈N.

a) Recall that if M ⊂ `2, then

M⊥ = {x ∈ `2 : 〈x, y〉 = 0 ∀ y ∈M}.

i) Given x = (xj) ∈ `2, we have

〈x, z1〉 = x1 + x2 = 0 ⇐⇒ x2 = −x1.

It follows that

z⊥1 = {x ∈ `2 : x2 = −x1}
= {x ∈ `2 : (a,−a, x3, x4, x5, . . .)}.

ii) Suppose that x ∈ Z⊥. Then for each k ∈ N, we have

〈x, zk〉 = xk + xk+1 = 0 =⇒ xk+1 = −xk.

It follows that x must be of the form

x = (a,−a, a,−a, . . .), a ∈ R.

However, the only element of this form in `2 is x = 0. We thus have

Z⊥ = {0}.

b) Let us first see that the sequence Z is linearly independent. Let c1, . . . , cn

be scalars such that

c1z1 + c2z2 + · · ·+ cnzn = 0.
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We have that

c1z1 + c2z2 + · · ·+ cnzn = (c1, c1 + c2, c2 + c3, . . . , cn−1 + cn, cn, 0, 0, . . .).

For this to be the zero vector, we see immediately that we must have c1 = 0,
and that

c1 = 0 ⇒ c2 = 0 ⇒ c3 = 0 ⇒ · · · ⇒ cn = 0.

Thus c1 = · · · = cn = 0, and we conclude that Z is a linearly independent
sequence.
By definition, the sequence Z is complete in `2 if the span of Z is dense in
`2. As a consequence of the Projection Theorem, we have seen that span(Z)
is dense in `2 if and only if span(Z)⊥ = Z⊥ = {0}. Using part a), we may
thus conclude that Z is complete in `2.
Finally, let us see that δ1 does not have a convergent series representation
δ1 = ∑∞

n=1 cnzn. Suppose to the contrary that it does, i.e. there exist fixed
scalars c1, c2, . . . such that

sN =
N∑

n=1
cnzn → δ1 as N →∞

⇒ ‖δ1 − sN‖2
2 = |1− c1|2 + |cN |2 +

N∑
n=2
|cn−1 + cn|2 → 0 as N →∞.

We see that this final condition can only hold if three conditions are simul-
taneously satisfied:

i) c1 = 1,
ii) cn = −cn−1 = (−1)n for every n = 2, 3, 4, . . .,
iii) limn→∞ cn = 0.

This is impossible to attain, so we reach a contradiction; the standard unit
vector δ1 = (1, 0, 0, . . .) does not have a convergent series representation
δ1 = ∑∞

n=1 cnzn.

Problem 6 Let
A =

[
1 1
2 −2

]
.



TMA4145 Linear Methods, November 27th 2020 Page 9 of 10

a) The matrix A is normal if A∗A = AA∗, where A∗ = A
> = A>. Here we have

A∗A =
[
1 2
1 −2

] [
1 1
2 −2

]
=
[

5 −3
−3 5

]
,

whereas
AA∗ =

[
1 1
2 −2

] [
1 2
1 −2

]
=
[
2 0
0 8

]
,

so A is not normal.
The singular values σi of A are the square roots of the eigenvalues σ2

i of
the matrix A∗A, or equivalently AA∗. From the calculations above, we see
directly that

σ1 =
√

8 = 2
√

2 and σ2 =
√

2.

Finally, the operator norm ‖A‖ equals the maximal singular value of A, so

‖A‖ = 2
√

2.

b) The singular value decomposition of A is given by

A = UΣV ∗,

where
Σ =

[
σ1 0
0 σ2

]
=
[
2
√

2 0
0
√

2

]
,

and U and V are (2 × 2) unitary matrices. The columns of V are the
normalized eigenvectors of A∗A corresponding to the eigenvalues σ2

1 and σ2
2.

We find
A∗Av1 = σ2

1v1 ⇒ v1 = 1√
2

(
1
−1

)
,

and
A∗Av2 = σ2

1v2 ⇒ v2 = 1√
2

(
1
1

)
,

and thus
V =

[
1/
√

2 1/
√

2
−1/
√

2 1/
√

2

]
.

Finally, the columns of U are given by Av1/σ1 and Av2/σ2. We have

1
σ1
Av1 = 1

2
√

2

[
1 1
2 −2

](
1/
√

2
−1
√

2

)
=
(

0
1

)
,
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and
1
σ2
Av2 = 1√

2

[
1 1
2 −2

](
1/
√

2
1/
√

2

)
=
(

1
0

)
,

and thus
U =

[
0 1
1 0

]
.

Summarized, we have A = UΣV ∗, where

U =
[
0 1
1 0

]
, Σ =

[
2
√

2 0
0
√

2

]
, and V =

[
1/
√

2 1/
√

2
−1/
√

2 1/
√

2

]
.

(Note that this factorization is not unique.)

c) We have that
A = UΣV ∗ = UV ∗V ΣV ∗ = WP,

where W = UV ∗ is unitary and P = V ΣV ∗ is positive semi-definite. This
is the polar decomposition of A. Using the matrices we found in b) we find
that

W = UV ∗ =
[
0 1
1 0

] [
1/
√

2 −1/
√

2
1/
√

2 1/
√

2

]
=
[
1/
√

2 1/
√

2
1/
√

2 −1/
√

2

]
,

and

P = V ΣV ∗ =
[

1/
√

2 1/
√

2
−1/
√

2 1/
√

2

] [
2
√

2 0
0
√

2

] [
1/
√

2 −1/
√

2
1/
√

2 1/
√

2

]
= 1√

2

[
3 −1
−1 3

]
.

(Note that this factorization is unique, since A is invertible).


