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Problem 1 Show that the following statements are false by providing a coun-
terexample.

i) Every Cauchy sequence (f;)jen in (C[0,1], || - ||1) converges.

ii) Any two norms || - ||, and || - ||, on an infinite-dimensional vector space X are
equivalent.

iii) Any metric d on a vector space X is induced by a norm ||-|| on X.

iv) Any norm ||-|| on a vector space X is induced by an inner product (-,-) on
X.

v) Ifz €/?and 1 < p < q < oo, then x € (P,

Problem 2

a) Show that if K is a compact subset of a metric space (X,d), then K is
bounded.

b) Show that the subset [0,1) U (1,2] of R is not compact.

Problem 3 Consider the space of continuous functions C[0,1/2] equipped
with the metric induced by the supremum norm

d(f,9) =If —9gllo= sup [f(t)—g(t)|.

0<t<1/2
Let T : C[0,1/2] — C]0,1/2] be given by
(TF)(#) =1 —/Otozsf(s)ds, 0<t<1/2,
where « is a fixed, positive real number.
a) Determine for which @ > 0 the map 7T is a contraction on C[0,1/2].

b) Fix a = 2. Explain why 7" has a unique fixed point. Use iteration to find it,
starting with fo(¢) = 0.
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Problem 4 Let 2 = (*(C) denote the space of complex-valued sequences
x = (z)jen with the usual 2 norm

- 1/2
llly = (Z Ifc‘jIQ) :
j=1

For a fixed real number r > 0, let M, C ¢? denote the set
M,n:{:ceﬁ sy grforalljeN}.

a) Show that M, is a closed, convex subset of 2. Determine if M, is a subspace
of ¢2 for any r > 0.

b) Now let r = 1. Given any y € ¢?, find the unique element of M; that is
closest to y, and explain why we know it exists.

Problem 5 Let {0, }nen be the sequence of standard basis vectors in £2, and
for each integer n > 1 let
Zn = 5n + 5n+17

meaning z; = (1,1,0,0,...), 22 = (0,1,1,0,0,...) and so on. We let Z = {z, },en-
a) Find the orthogonal complement in ¢2 of

i) {z}

ii) the sequence Z

b) Show that the sequence Z is linearly independent and complete in £2. Verify
that it is not a Schauder basis for ¢? by showing that §; = (1,0,0,...) does
not have a convergent series representation d; = Y07 | ¢, 2.

Problem 6 (In this problem you are expected to show full calculations, i.e.
show how you arrive at the singular values and different decompositions of A.)
Let
1 1
A=l

a) Determine if A is normal. Find the singular values of A, and determine ||A||
(the norm of the operator C* — C? represented by A).
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b) Find a singular value decomposition of A.

c) Find the polar decomposition of A.



