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Problem 1 Determine whether the following statements are true or false. If
the statement is true, no further explanation is required. If the statement is false,
give a counterexample.

(i) Let A and B be bounded subsets of R, where A ⊂ B. Then supA < supB.

(ii) Let A and B be bounded subsets of R, where A ⊂ B. Then inf A ≥ inf B.

(iii) Let x = (x1, x2, x3, . . .) be a sequence of real numbers. If x ∈ `p(R) for some
1 ≤ p <∞, then limn→∞ xn = 0.

(iv) Let x = (x1, x2, x3, . . .) be a sequence of real numbers. If limn→∞ xn = 0,
then x ∈ `p(R) for some 1 ≤ p <∞.

Problem 2 Let

d(x, y) =

0 if x = y

1 + |x2 − y2| if x 6= y

for real numbers x and y. Show that d defines a metric on R, and that (R, d) is a
complete metric space.

Problem 3

a) Let T : X → Y be a linear operator between normed spaces (X, ‖·‖X) and
(Y, ‖·‖Y ). Show that if T is bounded, then T is continuous.

b) Let ‖·‖a and ‖·‖b be equivalent norms on a vector space X. Show that a
subset U ⊂ X is open in (X, ‖·‖a) if and only if it is open in (X, ‖·‖b).

Problem 4 Consider the subspace

M = {x |x(t) = 0 for 0 ≤ t ≤ π/2}

of C[0, π], and let C[0, π] have the norm derived from the inner product given by

〈x, y〉 =
∫ π

0
x(t)y(t) dt.
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a) Show that if y ∈ C[0, π] and x ∈M , then
∫ π/2

0
|y(t)|2 dt ≤ ‖y − x‖2.

Show that M is a closed subset of C[0, π].

b) Let y1(t) = sin t and y2(t) = cos t. Show that for i = 1, 2, we have

‖yi − x‖ ≥
√
π

2

for all x ∈ M . Does there exist an element x1 ∈ M such that ‖y1 − x1‖ =√
π/2? Does there exist an element x2 ∈M such that ‖y2 − x2‖ =

√
π/2?

Hint: The identities cos2 t = (1 + cos 2t)/2 and sin2 t = (1− cos 2t)/2 can be
useful.

Problem 5

a) Let M be a closed subspace of a Hilbert space H. For each x ∈ H denote
by PM(x) the orthogonal projection of x onto M . Prove that P 2

M = PM and
P ∗M = PM .

b) Now consider the bounded linear operator Ta : `2 → `2 given by

Ta(x) = (a1x1, a2x2, a3x3, . . .),

where a = (a1, a2, . . .) is a fixed element of `∞. Show that the condition ai ∈
{0, 1} is necessary for Ta to be an orthogonal projection on a closed subspace
of `2. Verify that this is also sufficient by showing that ker(Ta)⊥ = ran(Ta)
under this condition.

c) Determine the operator norm ‖Ta‖ (no longer assuming the condition on a
given in b)).



TMA4145 Linear methods, continuation exam 2019 Page 3 of 3

Problem 6 Let
A =

[
1 0 1
2 0 −2

]
.

a) Find a singular value decomposition of A.

b) Find the pseudoinverse A+ of A, and use it to find the minimal norm solution
of the system:

x1 + 0x2 + x3 = 1
2x1 + 0x2 − 2x3 = 4


