
Ad joints : T : It -2 It
⑦

T't : H→ H

(Tx , y >
= Lx,T*y > t x, y E H

Proposition: X Hilbert space , S , Tt BCX) ,
O
, p E IF .

it cost BT )
*
= IS

*
t BT

't

ii ) CST)* = T
't s
't

iii ) C#H = T

iv ) HT
* H -

- 11TH

u) Il#TH = HTT
't H = HT 112

Pd iii ) ( Tt ) * = T :

C ④
y >

= LTE, y>

=cy.TO#7--CTy,xT--Lx ,Ty>
H x, y ex

⇒ T** y
- Ty = O ht y E X

⇒ T't't = T



iv ) know already that 11-1*11 E H TH ②

On the other hand ,
T#= T

,
so

11 TH = HT** If E H Tt'll

⇒ Hill = HT't It .

Be

Exs

ft and right shift operators
on L2 :

R : lZ→l2 given by
Rtx) = ( O, x, ,xz, . . - )

( x = (x, ,xz,X3 , . . - ) El)

Its adjoint is

h: e2→eZ given by
LG) = ( Xz, Xz , Xy, . . . )

L ?
Why : x

(Rx, y>⇐ x. R'
'

y> )
= ( ( O, x , ,xz, . . . ) , (y , , Yz, yes , . . . ))

= txiyztxzyzt . . . .

= LCX
, , Xz , X, , . . . ) ,Cyz,yz,yy

= ( x
, hey> tf x.ye 'll Ly

⇒ R't =L
.



ii ) Mutt . operator : consider Ta : the ③

given by Tax = Cajxjlje IN , KEN ,

where a
-

- Caj ) El? What is TE ?

En : Tat = To

Exe : show this ! ( LTax, y
> = Lx,Tey)

iii ) Mutt . operator on ICO, 13 : consider
Ta : Uco,D →

LTO
,
D given by

Ta(f ) = af ,
f ECCO, I]

TafCtl = act) act)

for some fixed
free a E CCO, I] .

We

have Ta*= Ta :

( Tac , g >
= of

'

Taa# gtttdt
= {

'

auto Ct)gut dt

= {
'

act) aTtIgCtTdt
=L f

, tag>
A fig ELZCQD .

iv ) Matrices : Let T : E
"
→I be given by

Tx = Ax for fixed uxu matrix A .
Then



Ttx = A-Tx
,

X E G
" ④

Why : Ctx , y> =LAx , y
> = CANT g-

= xtaty = XT Catty
= Sx

, Atty> t x.yeah=

⇒ T't is given by T*x = Atx .

DE : X Hilbert space ,
TE BCX) .

We say that

T is :

i) horrid if TT
't
= T*T

ii) inlay if
T is a bijection and

T
- I
= T't . We

then have
TT*=T*T= I

iii ) self-adjoint (or
Hermitian) if TET

¥1 i ) Mutt . op . on l2 : Ta : e'→ l
'

Tacx) = ax
in

we doomed : Taft = ta
les

Ta is normal :

Tai Ta = TETA = Trap

Tata = Tata = tap } = I 3



We see that Ta is unitary iff : ⑤

lap = ( la
,
12
,
last , last , . . . .

) = Cl , I , I , - . . )

⇒ Ta is unitary if lait =L
t i

For instance , Ta
is unitary if

a = ( ik)
o

= ( I , i ,
- I
,
- E
,
I
,
i
, .

. - r )

Finally ,
Ta is self

-adj iff a
is real-

valued : Ta
't
= ta = Ta ⇒ Aj EIR Kj
*

ii ) shift operators on l2 : R
: e'→ l
'

is

not normal ,
as :

Rt Rx = (Rx = L
((O
, Xi , Xz , X3 , . . . )

= ( Xi , Xz , . .
. . ) = IX

RR
*
x
= Rhx = R ( ( Xz , Xz , Ky, . . . ) )

= (O
, Xz ,Xz ,Xy , . . . ) # IX

R
"

→ Ru
-

Ey : T : Cl
"
→ E

"

given by Tx = Ax
f XE Qi

saw : T*x = A-Tx tf XE ¢
"

Thus if T : R'→ R" is given by real
-Val .



(uxu) matrix A ,
then T*x = ATX tf x EIR"⑥

We see that :

i) T is self-adj . if A is symmetric (A-
At)

ii ) T is unitary is A is
invertible and

A- ' = AT (columns of A- are
orthon .)

.

Lemmy: X Hilbert space ,
S
,
TEBCX) unitary .

Then : i ) S is isometric : 115×11 = 11×11 tf xEX

⇒ Ksk =L ( Xt 503)
ii ) ST and TS are unitary .

iii) I ( the identity operator
) is unitary .

PI i) :
= 5'S = I
-

115×112= Csx , Sx> =L x, 5*5×7
= Cx

,
Ix> = Lx ,D= 11×112

⇒ 118×11 = 11×11 t x E X .

Proposition : X Hilbert space ,
TEBCX)

.

We then

have : i ) rantT) = (Ker T't )
t

r) = (Ker T)
t

ii) KerCT) = ranCT't )
t

KerCT't ) = ran (T) t



Consequently , ✓ range
-
- ran

⑦

X = KerCT) Ot rain(T
't)

KerCTA) Ot rateCT)

meaning every x
c- X has a unique repr.

X = Xkerct) t
X
KerCT)t

= XKer T
t ×

rainCT't)

Corollary: X Hilbert space ,
TEBCX)

Then KerCT
't) = 803 iff raft)

is dense

in X .
( i.e . if

rant) = X)

Proof of it : rantT) = Ker It
-

Showing Tinct)
E KerCT

't )
+

Show : ranCT) E KerCT
't)t← closed

,
so

| it will follow that
ratCT) e KerCT

't)t

Let y E ran
CT) → y

= Tx for some XEX

For any Ze Ker
CT't )

,

we have

< y , Z>
=LTx

,
Z> = ( x

,
T*Z>
÷

=L×
,
o> = O

⇒ y e KerCT
*It ⇒ ranch E KerCT't)t



Showing kerCT* )
t
E rateCT) ⑨

Show : rateCT)
t
e KerCT't )

Then rainCT)
#

= rainCT) z Ker
CT't)
t

Let X E rau¥ .

Then xe ranCT)
t

⇒ O =LTy , x > = Ly ,#x> tf ye X
in
= O

⇒ Ttx = O
,
so x E Ker(T

't)

⇒ FEELTHE KerCT't )

⇒ ranft) z Ker CT
't )
t

⇐

SELECTEDTOPICSINLINEARA-LGEB.BA
-

BCX
, Y) with X and Y

fouite -dimensional

R

1) Showing BCX ,Y) ⇐ MummCE) Cunxu
matrices with complex entries) if X

and

Y are complex vector spaces of
dem

.

u and we
, respectively .



2) Spectral theory for such operators
⑨

3) Matrix decompositions ( SV
Ds
, polar

decamp , pseudo inverses )

f- l Bdd con operators
between tonite-dem

-
Spacey

TIM : Let X be a complex vector space
with

basis Sei , . .
.

,
en3 .

Then X is isomorphic

to ¢
,
X E E

" (meaning I
linear bijection

between the
two)

.
Similarly ,

if X is a

real vector space ,
then X=

Rn
.

Sketch
pcomplex case)

:

Every x
c-X has a unique rep

r

x = Et ai ee ,
ai E Cl

Let T : X→ G
" be defined by

Tx = la, , az, . . .

,
aw) E ④

Then T is Kenear
, injective and

surjective (check this ! ) , so X
⇐ G
"

Bs



⑨
Now let T : x → y

IC four-dem

Lemma
-

:

Let X be An-dam
vector space

with

basis Sei , . . . , en} .

For any
values

yr , r - ; yn E Y
there exists precisely one

TEBCX, Y) s .t .

Tej = Yg.
H j =L . . - r , h .

Poot : In note .

* =€
,

ai ei
→ Tx = €

,

aiTei

= Eeai Yi
Ee : T : an→ In

Tx = Ax
,

A Eminence)

Applying T
to the Std basis vectors

determines the
column vectors Aj

of A
* = -

- - hy)


