
CURRICULUM REVIEW
t

-

CHI: o sets
,
subsets

,
basic set operations

• Functions and basic notations

• Cardinality : finite , countably infinite ,
uncountable

f : Si
, .

. .

,
u} → X

,
f : IN→ X

←
bi jealous
/

• Schroder - Bernstein
Thur :

( f I } ⇒ Existsijyection :)
-

. Y E X ⇒ Y countable

( countable

KEY ⇒ Y uncountable
(
Uncount .

° Suprema and
income

< least upper
bound

Treatest lower
bound

• Note : Any bounded
set on R had a

supremum
and an inhuman .

• Ch 1.7 - 19 : self-study
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• vector spaces :

- over a field IF
= IR og

G

- vector space
axioms

- vector subspace
- span

of A EV

- (finitely)
linear independent set

A EV

- Hamel basis B
of V : Wn. indept

span(B )
= V

- dimension(V ) = d if cardinality of
D

is d

= as if D is an
incr Hound

basis

- given
Hamel basis D= Ex , , . . . , Xd

} for V
,

d

every xe
V has a unique repr .

x
-
-fCixi

CHI : Metric spaces-
• Metrics : - metric axioms

¥49
DC9g)

"small
" if

€!
do, g)

-
- flagIdt

Aud
"

large
" if

it die
, g) = so.IE ,

Iact) -g
t.tt I



° Convergence
in CX

,

d) : (xn)new ,
Xu→ x c-X

3

if t e> o F N s .t dcx, xn) c e
t n > N

.

• Cauchy seq .

in CX
,
d) : (xn) new

satisfies

f e > 0 I NS.t.dcxu ,# c e
t n

,
m > N

°

Convergence ⇒ Cauchy
¥
-

• Completeness : Every Cauchy sequence

converges .

• ( IR
,
I . I) and CQ,

I . I) are complete metric

spaces .

• ( e
'

,
11.11

,
) and

( Los
,
Hellas ) are complete

:

Gil Cauchy : i) Find
candidate for

the limit x

ii) show
-

x is
in the space

iii) show a.→ x
in

appropriate
metric

• ( Cco, I] , 11.11 , ) is wet complete .

• Open balls Br
Cx) = S yex

: dcx , y)
- r}

• Bounded
, open

and closed sets

° Interior and
closure of sets



4
° Saw : E E X is closed

a
V

Gul EE ,
Xu→ X E X

⇒ XEE

• Saw : EEX closed and
(X
,
d) is complete

⇒ (Eccl) is complete .

• Boundary points
of a set

• Dense subset
E EX : E- =X

• Separability : countable dense
subset

• Compactness
Chew ! ) : Every open

cover

{Eid of KE X
has a

facie subcover.

• Saw : KEX compact
⇒ K bounded

and closed

• Continuity of
arcs between

metric

spaces :

it cont . f
: X→Y :

1) luv image
of open

sets are open

2) f Eso I 8>0 s.t.dk,y
) s s

⇒ dy ( Lexi,Ky) )
s E

3) Xu→ x in X ⇒ scat→ Cx) in Y

ii ) Uniform cont .



iii ) Lipschitz court .
5

Note 1 : BFPT
-

° Fixed point
of T : X→ X

: Tx = x

• Contraction : DCTx ,Ty) E
Kdcx

,y)

for some K
C l

.

• BFPT : contraction T on
a complete

space
⇒ T has a unique

fixed

point .

• Error bounds
for the iteration xoex,

Anti = Txu :
i) dcxm , x) E ¥77 dcxo,Xi)

ii) dcxm
,
x) E

.

dlxm-i.tn)

° Applications

CH3n.NormsaudBanachsp.ae#
° Norm axioms -

vector space !

° Normed spaces
( X
,
H - H)

° LP spaces
: x EEP ,

Il x lip = If Kip peas

HxHas = Ship Kil



• Saw : l E p < of Eos
⇒ IPE eat

E

• Holder 's inequality : llxyll , E 11×14MyHq

• Minkowski 's iueq : llxty Up E Kxllpt Ky Hp

⇒ CLP
,
Il - Hp) is a normed space

.

• Norms induce metrics : dcx,y )
= It x-y

11

• hxy = { txt ( l - t) y
: O EtEl 3 :

line segment joining x gud y
• Convex sets : KEX convex if given x.YEK

we have ↳ EK

• Open
balls in CX, K

- 11 ) are convex

° Banach space
= complete normed spaces

Ex it UP, II. Hp )
for any

l Ep Eos

ii) CFP , Hill p)
-"
-

ici) CY, 11.11 )
for any

closed Y EX

where
CX, Hill)

is Banach

iv ) (Cca
,
b)
,
Mr Hoo ) (but not for any

peas )

( (Cca, b] , II. lip ) E ( Loca, b] , H
- Kp))

- T

dense complete
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• Equivalent norms :
it def : C

,
Ilx Ila E HxHb E cell XHa

ii ) showing norms are equiv trot equiv
.

Iii) finite - dem space
: all norms are equiv .

CH 4 : further results on
Banach Spaces
-

• Convergence
of series in

normed spaces :

E. Xi → x
if Sn

-

- SE xi → x
as N→

as

• Span ,
closed span , complete

sequence

all come EcuXu
← not to be

mixed

with complete
space

° Hamel bases and Schauder
bases B of X

I con iudep
4- Every

element xex

span
CB) --X

has unique
series repr

X = ICucx) bn , but
B

• Weierstrass Approx
.

Then :

Poly . version
:

ft Cca, b] ;
E> o 7 pm

sit. K f - Pn Has
< E

( Trig .

version)



CH 5 : Inner Products
and Hilbert spaces

8

-

• inner product axioms

or induces a norm
→ satisfies the parcel-

° Cauchy - Schwarz keg
.

telegram
law

Used to show
11×112 = <x,xD is

a norm

• Hilbert space
: Cauchy sequences converge

(completeness )

° Exe : i) Rd and
Ed with normal dot prod

ii) l
'
( but no other

LP ) with

<x,y>
= In Kiyi

iii) Uca,b] ( z
Cca

,
BI dense)

e-
Leb .
int.

with

so
, g
> = Sabsctgtttdt

° Orthogonality
of elements, segs ,

sets
.

• Orthogonal complements
:

At = Exe H : xL A 3

Properties of
ortho comp :

Exs : A E (At)t

At E H closed subspace-



• Closest Point Theorem : -distance
9

.

- closest point

• Orthogonal Projection
and Projection

Then
.

• Consequence : span of
vectors Exes in

H is dense iff

(spans xu3)
"
= 803

.

• Orthonormal sequences
and bases :

il ONS Sen3 :
- Bessel's Inez

- Ssx,even
ortho prog

.

of x onto span
Een}

- cow & Cuen

:
-

ii) ONB 9eu3 : - Planckwells
and ParseVal's

equalities
- completeness
- x = Ssx, en>en

'

uniquely

Note
Orthornormality
+ completeness

} ⇒
ONB

,
Unique

representation
x = Ssx,eisen



do

Liu
.
indeep

+ completeness
} ⇒ Schauder

,
i.e .

unique rep
r.

X= EcuCx)en

• Minimality of Ss Xu} E H : Xm# sTpm9Xn3n±m

• ONB for all separable
Hilbert spaces

• Grain - Schmidt
orthogonalizatoon

• The complex trigonometric
system

E = { en3new
= E eatin : NE23

is an ONB
for Eco, I] .

CH6:OperatorTheo#
• Linear operators

between normed spaces
:

it linearity
lil functionals µ

: X
→ IF

iii ) boundedness : IlTx Il
E CH X11

iv) 4TH = Eff, Htxll
= s¥Po

"IIIT
• T : X→ Y linear and X finite-den

⇒ T bold .

• Examples



• Boldness = continuity for loner operators
° DCX

,
Y ) -- { A :X→Y : A bold and Wnew}

Showed CDCX, Y) , 11
. 11 ) is a normed space
←

op . norm

° THI : when X is normed and Y is

Banach ,

then BCX,Y) is
Banach .

• Composition of operators
: 11 BAH E HBK

. HAH

° Isometries :

spot. . {
i ) between

vector spaces
: bold

,
bin bijection

in ii) →c-
normed spaces

: →
-

and MHXH EllTxIl
E M 11×11

book

• Isometric Isomorphisms
: we

M = I in
'T

• T : H → e
'
def by

x → Kx, eye
>3

ONB of It

s!parable
is an isometric isomorphism

.

⇒ Here
'

• Dual spaces
: X# = BCX, # ) , always complete!

[ be E is complete



• Riesz repr then
: H ⇐ H

't

MEH
't ⇒ pix) =Lx, y

>

for some fixed

YEH ,
and

Hpe It
= Ily 11

Notezi.A-djointoperators.IE
DCX) ,

T* : LTx ,y
> = Lx,T*y>

. Fx
,yEX

L Hilbert space

• Properties
of these

• Examples
• Normal , unitary

and self-adjoint operators

TT*=T*T
TET

- I
T*=T

• T repr by A
⇒ T

't

repo by
EIA't

• i) rant) = KerCT*Iii) KerCTI = ran
t

⇒ KerCT't ) = 503 iff
rank) is dense

Note 3 : Topics in
Linear Algebra
-

• DCX
,
Y ) E IlmarCE)
tlfouote-dam



•

Eigenvalues and eigenvectors
• Diagoualizatoon of

matrices S
-'
AS = A

• Props of e.
values and e.vectors for unitary

and self -adj matrices .

° Similar matrices : A = M
-'
BM

e
. Schur 's triangulation

lemma : Can always
or

peek f attain triangular UFA
U = T← triangular

° Spectral thin for Hermitian
matrices :

A self -adj ⇒ A = UN U
't

• Spectral thin :

l diagonal

A normal ⇐ A = U NU
't

L
diag .

• Singular Value Decamp
(SVD) :

i) Positive- definite matrices
(self-adj)

Ii ) singular values
of A : Sg . root of

pos .
e.values of AA

* (or equiv A-
*
A)

.

iii) A = USV
't (with

"

recipe
")

iv) HAH = o, ( largest sing.
value)

u ) Polar decoys . for square A :



A = UV
* VSV * = Wp
--

unitary pos semi
-def

Vi) Pseudo inverse : At = VIT U
't

A-x- b : consistent : Atb
is the

unique
min .

norm
solution

inconsistent : Atb is
best

approx
to a Sol

with minimal

norm .


