
5 : singular Value Decamp
t

DEI : A self -adjoint Affluence ) is positive
de if

<Ax
,
xD > o tf nonzero XEQ

"

K : LAX , x> Z o f keen ,
then A- is

positive semi -definite .

-
-
-

Props : self-adj A EllmanCE) is pos
.
def iff

all eigenvalues of A are positive
. Similarly,

A- is pos .
semi-def . II all e. values are

uonueg .

Proof : ⇒ ) say A
is pos .

def
.

< Ax
,
x> so

tf x c-Ehso}

In particular,
< LAO, o>

= Car
,
07=1110112

O
-

>o

⇒ a > o

⇐ ) suppose all e. values of A are

positive . By the Spectral thin ,
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A = U
*
N U ← unitary
Ipos . e.values on diagonal

Trees
,

<Ax
,
x> =LU

*Aux
,
x>

=L aux
,
Ux> = Lay , y>
-

y
for

y
= Ux e ¢

"

.

Note that

<ay , y>
= a , ly , 12+721 yal

't
. .
.

+ Tul yup > o

for nonzero y
c- In

. Finally , note
that

y
= Ux = O iff X = 0 .

We are interested
in the pair A*A and AA

't

Conolly : Let A EkmanCE ) .

Then the

Chan) matrix A
*
A and Cuuxm

) matrix AA
't

are self -adj . with uouueg . eigenvalues ,
and the positive e.values

coincide .

Note : men ,
M 32 n

I at most n nonzero e.Vals .



Lemmy: For any Affiance )
and 3

Bellanca ) , the
matrices AB and

BA

have the same nonzero eigenvalues

Proof : prob . Set
13

.

ProofC:

Clear that AA
't and A*A are self

-adj .

O E KAXIP = LAX, Ax> = LA
*Ax

,
X> → pos .

semi-def .

⇒ E. values of AAA are
non-neg .

Similarly : O E K Atx If = . . .

=L AAE, x)

→ pos .
semi-

def .

By Lemma above ,
the positive e.values

of AA
't and AEA

coincide . ②

DEI : het A c-Mm
*
Ce) have rank r .

Let

0,23 . . . .
3 of be the positive eigenvalues

of AAA (or AAA) .

The scalars Q ,
.
. .

,
or

are called the positive singular values--
-

of A
.
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THISVD )

suppose A- Etfnxucc) is of rank r , and

let o
, z . .

. > or be the positive singular
values of A .

LetI be the Cunxu)

matrix defaced by

Eg.
= { Oi

if i=j er

( O
otherwise

Then there exists
an
Cunxu) unitary

matrix U and an
Cuxu) unitary

matrix V s .
t .

A = VIV
't

Proof : A
*
A self -adj and

Cuxu) with pros .

e.values of > . .
. .
Zof and Cu-r) Zero e.values

By the spectral
Theorem I Cuxn) unitary V

sit . V*A*AV = (AV )
*CAV)= D

where D= 2*2 is the Cuxu) diag .

matrix

with
D,, = 0,2 ,

i = I
,
.
. .

,

r

and Zeros elsewhere
.



Recall : From we have
5

✓
*
A
*AV = V

-'
A-
*
AV =D

A-FAV = VD

⇒ columns of V are the
Corthou .) e.vectors

of AAA .

Now note : from * clear
that columns CAV)j

of AV are orthogonal and length
of CAV)j

is g.
C be < CAV) j , CAV )j) = HEAVY

. 112=92) for

j =L, .
. .

,
r

.

Let Ur denote
the Cmx r) matrix

with

CAV)j/q. as its j
th column :

ur -14¥ .
. . *¥)

Now complete or to an
Cmxm) unitary

matrix

U by finding
an ONB to

the ortho . comp .

of the column space
of Up :

U = ( Ur ! ONB)



Use these Cur-r) basis vectors as the
last

6

columns of U .

We then have

AV = US ⇒ A = USU
't

Es

Rinks : . The last Car
-r) columns of U and

the last Cu- r) columns of V are

redundant . As a consequence , the

SVD of A is not uniquely determined .

± : a -- 1353)
*
*
a Ill : : -4=1 :{

'

II)
AA
*
=

. . . .

- f
'

} ,! )
detCAA

't
-AI) = ( 17 -7)2- 82 = ( X

-9) (7-25)=0

A-
*A 7=9 or 7=25

92=25 ( 9=5)

05=9 Ca- 3)

633=0 ← Last eigenvalue
of A*A_



solve 7
a

:÷÷÷i÷÷÷.tl: : it:L
→ o

,
= ( tf) for some EERIE03 ,

and a normalized choice is e.g .
O,=(%§)
solve

ai÷a÷i÷÷÷H÷ : it't :o)
→ oz=f¥§ ) for some EERIE03
and a normalized

choice is e.g .

E- (E , -Fo , EE)
"

solve

⇐¥a⇒⇐**E÷÷H: It:L
→ Oz = (-2T, Zt, t)T, and normalized

choice is
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vz = (Zz , -3, -435 .

We can now
"build

"
all matrices that we

Hit.tE÷÷÷÷÷
⑤ at: : : It : : :]

⑤ u -1447K¥
'

¥1
¥
.

l : : =
→ a¥F⇒

& E : :y÷÷.tt:::I→a¥E⇒
⇒ u -- I ¥1 -

-Yi 's )
⇒ A = [33-3] = usv 't ,

with ⑤
,
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Proposition : Let A Emm ←ace ) have pos .

singular values
0
, 3 . . . z or .

The operator
norm of A is

their

11 All = Q .

PI : HAH = EYE ,
HAXH

Let A = VIV
't
( the SVD)

,
and let o,

be the

first column of V .
Then Ko, 11--1 (unitary V )

and since

AV = US ←
HUH = 1

it is clear that Ao,
= QU, ⇒ HAO, 11=01

⇒ HAH = snuff, HANI Z
HAV

,
11=0,

Now let XE Q
"
be any

vector with 11×11=1 .

Consider A- x = USV
*
x

-

y , Kyu
-
- I

✓
*

unitary → repr . isometry
→ H V

*
x 11--11×11=1

Note : ay
-
-

f§÷÷)
⇒ "Ey " song

"



Foually , since U is also unitary :
10

HANI = HUEY H = HEY H E ally H = Q

⇒ HAK = step, H Axll = Q
LB

z = xtiy = Izleio
,
leiol =L

T
non-

neg

Square matrix A : A = VVP
J E positive

unitary semi- def

(reit) ( ~ r=lZl )

THI For any A-ethnic) I unitary
W

and pos .
semi - def P s -

t .

A =Wp

Proof : By the SVD
thin :

-

A = UEV
*
= UV

*VI.V
't

= Wp

with W = UV
't and P = VE V

't


