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Oppgave 1 Let A = (_1 1 1).

a) Find a singular value decomposition of A.

b) Find the pseudoinverse A" of A and use it to find the best approximation to a solution
of the system of linear equations:

T1+axo+a3=1

.7)1+£L'2—333:1.

Solution:

a) We provide examples of matrices U, X,V such that A = UXV™.

2 2 0 —
AA=|2 2 0 and AA*:< )
00 2

singular values: o = 2,05 = v/2 and o3 = 0

Eigenvector v; of A*A for eigenvalue 2: v; =

Eigenvector vy of A*A for eigenvalue 2: vy =

Eigenvector v; of A*A for eigenvalue 0: v =
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1 -1 12 0
b) Pseudoinverse AT = V*STU is 1 [1 —1]| for ¥ = | 0 1/v2]| and hence 2™ =
2 2 0 0
1/2 ,
Atb=|1/2| for b= < )
0 -1

Oppgave 2 Find real numbers a, b, ¢ such that
1
/ |sin(mx) — a — br — ca?|*dx
0

is minimal.

Solution:

(1. approach:) Equivalently, we have to find the best approximation of f(x) = sin(7x) from
the closed subspace M = span{1,z,z?}. We use that this is equivalent to finding a p € M
such that (f —p,q) = 0 for all ¢ € M. Since {1, x, 2} is a basis we have to only check this for
the monomials:

1
0= / (sin(rx) — a — bx — cx?) - 1dx
0
1
0= / (sin(7z) —a — bx — ca®) - v dx
0
1
0= / (sin(rx) — a — bx — cx?) - 2 dx
0

which gives us a system of equations for the coefficients a, b, c. Let us first compute fol xsin(mx)dx
and [, xsin(mz)dz with partial integration.

/1 zsin(mz)dr = sin(mz) — Zm cos(mz) | _ 1
" 7T o 7
/1 12 SiII(Tr],’)da; = 2 Sin(ﬂ-x) + (23_ 7T2[L'2) COS(?TZL’) T _ T2 g 4
X T 0 T
The coefficients have to satisfy
2 a2y
Lo, 2 ¢
T 9 "3
1_a,b e
T 2 3 4
73 - 3 4 5



TMA4145 Linear Methods. 2.12.2019 Side 3 av 6

60(m?—12)

12(72—1 212
(7r30)7b:_60(7r ) and ¢ — -
T T

The solution is given by a = 3

(2. approach:) Replace {1,z,2%} in (L?[0,1],(.,.)) by an orthonormal system, by example
using Gram-Schmidt orthogonalization: eg(z) = 1, e1(z) = 2v/3(z—1), es(z) = 6v/5(z*—a+1).
Hence the best approximation of f(x) = sin(7wx) by elements from the subspace spanned by
{1, 2,2} is thus given by

f: Z(ﬁ €i>€i

i=0
. The Fourier coefficients (f,e;) are
1 2
(f,eo) :/ 1-sin(rz)de = —
0 T

(frer) = 2\/§/Ol(a: — 3) - sin(mz) dz = 0
2/15(n? — 12)

3

(f e2) = 6\/5/01(352 —x+ §) - sin(rz) do =

12(72—10 60(m2—12
7(7;3 ), b=-—90""12 and e =

60(r2—12
w3 3

and which gives a = ) after rewriting the els in the
monomial basis.
Comment: This approach is computationally more involved than the first approach due to the

Gram-Schmidt orthogonalization and thus the first approach is to prefer.

Oppgave 3 Determine whether the following statements are true or false. If the statement
is true, no further explanation is required. In case the statement is false, give a counterexample.

1. Let (X, ||.||) be an infinite-dimensional normed space. Any linear operator 7' : X — X is
continuous.
No. For example, T : ¢*> — (* defined by T'(z,,) = (nx,) is not continuous, since it is not
a bounded operator.

2. Let (X, d) be a metric space. Then any contraction T': X — X has a fixed point.
No. Let T(x)=ax+b for 0 < a < 1 and b € R. We consider T" as a mapping of R without
the point {{=}, i.e. X = R\{;2} and with d(z,y) = |z — y|. Note that (X,|.|) is not
complete. Then T': X — X is a contraction, but there is no € X such that T'(z) = z.
it does not have a fixed point.

3. Any n x n-matrix with real entries can be diagonalized.

No. For example (8 (1)> is not diagonalizable.
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4. Let C[0,1] denote the space of real-valued continuous functions on the interval [0, 1].
Then (C[0,1],||.]|) is a separable Banach space, where ||| = max,ejoq1|f(2)| for

fecC,1].
Yes.

Oppgave 4 Let (¢2,{.,.)) be the Hilbert space of complex-valued sequences equipped with
the inner product ((zx)r, (Yr)r) = Soro Tx¥s- We define the operator T, : £ — ¢? by

T,x = (ar®r)ken,

where a is a complex-valued bounded sequence, a = (ay)y € €°°.

1. Show that 7}, is a bounded linear operator on ¢?, and determine the operator norm of
T,.
2. Determine for which a € ¢*° the operator T, is (i) unitary, (ii) self-adjoint.

3. Find a non-zero sequence a € £*° such that T, is not surjective.

Solution:

a) We have for all 3¢
[Tazll2 = [[(a121, ags, ..) |2 < [lalloo |2

and thus T, is bounded and |75 < ||a||co-
The elements of the standard basis e, = (0,0,..,1,0,...) are eigenvectors of T, for the
eigenvalue a,: T,(e1) = a1 = (a1 1,a20,...) = ajey, etc. Consequently,

[Tall = sup [[Tall2 = sup 1 Ta(en)ll2 = sup |an| = lla]lo-

[[zfl2=1

b) First we determine the adjoint of T,:
(Tox,y) Z a; Tl

= Z Tia;Y;
i=1

= (o, Toy) = (2, T)
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and therefore 7" = T5. T, is selfadjoint if and only if 77 = T, which is the case when
a=a,ie. a=(a;) with a¢; € R for all i € N.
T, is selfadjoint if and only if 77, =T, 1> = I:

T To(zi) = (@aiz;) = (iaiw;) =TT, (2:) = ()
if and only if a;a; = 1 for all 7 € N.

c¢) For example, a = (0,1,1,1,...) or more generally any a = (a;) with inf; a; = 0 would be
valid choices.

Oppgave 5 Let (X, ||.]|) be a normed space and let T': X — X be a linear operator.

a) Show that if T is continuous on X, then T is a bounded operator.

b) Show that if T" is a bounded operator on (X, ||.||), then 7" is continuous on X.

Solution:

a) Assume that 7" is continuous, and consider an arbitrary point zo € X. Then given any
e > 0 we can find 6 > 0 such that

Tz — Txo|| <e whenever ||z — x| <.
Now take any y € X \ {0}, and set

) )
r=29+ —vy. Then =z —x9y=—1y,
Iyl [yl

and we have ||z — xo|| = d. By the linearity of T we get

) 1)
ITw = Taoll = [T — o)) = ||T (y)H _ iyl
° ° Iyl Iyl

and from the continuity of 7" it thus follows that
4]

[lyl

Thus, T is bounded and ||T']| < /0.

9
ITyll<e = 1Tyl < 5yl
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b) For T = 0 the statement is trivial, so let 7" # 0 and thus ||T’|| # 0. Assume first that T
is bounded. Consider any xg € X and any fixed € > 0. Then, since 7" is linear, for every
x € X with
|z — || < 6 = ——
177
we have
[Tw = Tol| = | T(z — 2o)|| < |TNl[lz — ol < [[T]l6 = e.

This shows that T" is continuous at x(, which was chosen arbitrarily, so 7" is continuous.

Oppgave 6 Let (X, ||.||) be a normed space and T" a bounded, invertible linear operator
on X such that the inverse of T" is also bounded on X. We set ||z||r := ||Tz||.

a) Show that ||.||r defines a norm on X.

b) Show that the two norms ||.|| and ||.||r are equivalent on X.
Solution:
a) Positivity: ||z||r = ||Tz|| > 0 since ||.|| is a norm on X.
Homogenity: ||az||r = [|[T(az)|| = |aT(z)|| = |o|||Tz|| = |a|||z|r for a € F, where we

used the homogenity of ||.|| and that 7" is a linear map on X.
Triangle inequality: By the linearity of 7" and the triangle inequality for ||.[|:

[z +ylle = T +y)ll = [Tz + Ty
< Tzl + Tyl = llzllz + [lyllz-

b) Claim: There exist two finite positive constants C, Cy such that

Chillz|| < [Jz|lr < Collz]] for all z € X.
Since T' is bounded we have that ||Tz| < ||T||||x|. Hence we have that
1Tz < Coll|

holds for any Cy > [|T]|.

The existence of Cy relies on the invertibility of 7" and that ||77!|| is finite:
loll = |T-X(Tw)|| < 1T~ |Ta
and thus we have for any C; with C; < ||T7![|7! that
Chllz]| < |l=||r for all = € X.
In summary, we have the optimal constants:
1T el < llzlle < ITH2] forall @€ X.



