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TMA4145 Linear Methods. 2.12.2019 Side 1 av 2
1 1 1
Oppgave 1 Let A = (_1 1 1).
a) Find a singular value decomposition of A.

b) Find the pseudoinverse A* of A and use it to find the best approximation
to a solution of the system of linear equations:

x1+a:2+x3:1

331+£132—$3:1.

Oppgave 2 Find real numbers a, b, ¢ such that
1
/ |sin(rz) — a — br — ca®|*dx
0

is minimal.

Oppgave 3 Determine whether the following statements are true or false. If
the statement is true, no further explanation is required. In case the statement is
false, give a counterexample.

1. Let (X, ||.||) be an infinite-dimensional normed space. Any linear operator
T : X — X is continuous.

2. Let (X, d) be a metric space. Then any contraction T': X — X has a fixed
point.

3. Any n x n-matrix with real entries can be diagonalized.

4. Let C0, 1] denote the space of real-valued continuous functions on the inter-
val [0,1]. Then (C[0,1],]|.||«) is & separable Banach space, where ||f|/o =
maXgeo,1] |f(ZL')| for f < 0[07 1]
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Oppgave 4 Let (€%,(.,.)) be the Hilbert space of complex-valued sequences
equipped with the inner product ((zx)k, (Yk)k) = >peo TxUk. We define the operator
T, : 0 = (? by

Tow = (axTk)ren,

where a is a complex-valued bounded sequence, a = (ay,);, € £°°.

1. Show that T, is a bounded linear operator on ¢2, and determine the operator
norm of Ty.

2. Determine for which a € ¢*° the operator T, is (i) unitary, (ii) self-adjoint.

3. Find a non-zero sequence a € £*° such that 7}, is not surjective.

Oppgave 5 Let (X, ].]|) be a normed space and let T : X — X be a linear
operator.

a) Show that if 7" is continuous on X, then 7" is a bounded operator.

b) Show that if 7" is a bounded operator on (X, |.||), then 7" is continuous on
X.

Oppgave 6 Let (X, [|.]|) be a normed space and T a bounded, invertible linear
operator on X such that the inverse of T" is also bounded on X. We set ||z||7 :=
[T

a) Show that ||.||7 defines a norm on X.

b) Show that the two norms ||.|| and ||.||r are equivalent on X.



