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Problem 1

(i) False; Let A= (0,1) and B = [0,1]. Then sup A =sup B = 1.

(ii) True
(iii) True
(iv) False; Let z, = ln(nlJrl)' Then lim, .oz, = 0, but the sequence z =

(x1,23,...) does not belong to ¢P(R) for any finite p > 1 (for a detailed
proof of this claim, see the solution to Problem Set 4, 2018).

Problem 2 First we show that d defines a metric on R:

(i) Positivity: d(z,y) > 1 >0 for x # y and d(x,z) = 0.
(ii) Symmetry:
dz,y) =1+ |2* =y’ = 1+ |y* — 2%| = d(y, »).
(iii) Triangle inequality:

d(z,y) =1+ [2° =y = 1+ |27 = 2° + 2% — ]
Sl |e? =2+ 2% =y’ <24 |2 = 27|+ [2° — ¢
=d(z,z) +d(z,v).

This confirms that d is a metric on R.

Now let us see that (R,d) is a complete metric space. Let (z,)neny be a Cauchy
sequence in (R, d). Then for every € > 0 one can find N € N such that

d(zp,xy) <e foralln,m > N.

Let us choose ¢ = 1/2, and find N = N(¢) such that d(x,,z,) < 1/2 for all
n,m > N. Since d(x,y) > 1 whenever x # y, this implies that

rp,=c¢ foralln>N,

where ¢ € R is a fixed constant. It follows that the sequence (z,)nen converges to
¢ in (R,d), and thus the space (R, d) is complete.
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Problem 3

a)

b)

If T'= 0, then the statement is trivial, so assume that 7" # 0. Then ||T|| = C
for some constant C' # 0.

Fix any g € X and any 0 > 0. We want to show that there exists ¢ =
£(d) > 0 such that
|l —zollx <0 = ||Tx—Tx|y <e.
Since T is linear and bounded with norm ||7'|| = C, we know that
[T — Tolly = [IT(x = wo)lly < TNz = ollx = Cllz — ol x-
Thus, if we choose ¢ = C'd > 0, then
|l —zollx <0 = ||[Tz—Txol|ly <Cllx—zol|lx < Co=c¢.

This proves that 7" is continuous.

Note: This was Problem 2 of Exercise set 12 in Fall 2018.
Since the norms ||-||, and ||-||, are equivalent on X, there exist constants C
and C5 such that

Cillzlly < lJzfla < Coll]ls

for all z € X.

Assume that U C X is open in (X, ||-||.), and fix an arbitrary x € U. We
want to show that there exists € > 0 such that

Biw)={yeX :|lo—ylly<e} CU.
Since U is open in (X, ||:]|a), we know there exists r > 0 such that
Bi(x)={yeX:[r—yl.<rtcU

It will thus be sufficient to find € > 0 such that B%(z) C B%(z) C U. This is
guaranteed by choosing € = r/Cy. Since ||-||, and ||-||, are equivalent on X,
we have

[z = ylla < Collz = ylls

for all y € X. Thus, we have

r

o = llr—yle s Gllz =yl <
2

lz =yl <
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This proves that B(z) C B%(z) C U, so U must be open also in (X, ||-||5)-
(The proof that U is open in (X, ||-||a) if it is open in (X, ||-||5) is similar.)

An alternative, and perhaps more natural approach is to observe that the
identity map I, : (X, |||]la) = (X, ]]][s) is a bounded linear operator, and
thus by a) it is continuous. Hence, the inverse map I;' = I, : (X, |-||ls) —
(X, ]|*|la) sends any open set U in (X, ||-||s) to the open set U in (X, |-].)
(and an equivalent argument can be given for the inverse implication).

Problem 4

a) Since x € M, we have z(t) =0 for 0 <t < 7/2, and it follows that
Iy —=l? = [ lut) —x(t) at

/ |2dt+/ ) — a(t |2dt>/ (1) dt

This proves the given inequality.

Now let us see that M is closed. Let (x,)nen be a sequence of functions in
M such that x, — x for some z € C[0,7]. We need to show that x € M.
From the inequality in a), we have that

/2
[ Pt < e = 2] >0,
0

It follows that P
[ lewPa=o,
0

and since z is continuous, this can hold only if z(t) = 0 for t € [0,7/2]. Thus
x € M, and M is closed.

b) From the inequality in a), we have that

/2
lys =l > [ wa(0)  d.

For : =1, we get
/2 w/2 /2 1
/ ly (8) 2 dt = / sin®t dt = / —(1 — cos2t)dt
0 0 o 2

<[5 (g
= 9 281H o —4
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Likewise, for 1 = 2, we get
w/2 /2 T/2 1
/ |2 ()| dt :/ cos® t dt :/ 5(1 + cos 2t) dt
0 0 0

{1 (t+1 i 2t>r/2 T
=|= — sin = —.
2 2 o 4

Thus for both ¢ = 1 and i = 2, we have

NZS
Hyz - x” > 5

If there exists 21 € M such that ||y; — z1]| = /7/2, then necessarily
™ 5 9 /2 5
Ll ® =P dt = =l = [T (o) de = 0
This can occur only if x;(t) = y;(t) = sint for t € [71/2, 7], i.e. only if

0 for 0 <t <m/2
ZEl(t = . s
sint form/2<t<nm

which is not contained in C0, 7] (as z1(t) is not continuous at t = 7/2). The
answer is therefore no, there is no element z; € M for which |y, — x| =

VT/2.

To the contrary, there does exist an element x5 € M such that ||ys — xs| =
/7 /2: Such an xs must necessarily satisfy

™ /2
/7r/2 [y (t) — 2o (t)|? dt = |Jyo — 22| — /0 ly2(t) 2 dt = 0.

This can occur only if x9(t) = ya(t) = cost for ¢t € [1/2, 7], i.e. only if

0 for 0 <t <m/2
Jfl(t = s
cost form/2<t<nm

and this s a continuous function contained in M.
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Problem 5
a) The projection theorem states that any x € H has a unique representation
rT=y+z,

where y = Py(z) € M and z € M*. For x € M, this unique representation
is x = x4+ 0, and thus @ = Py(z) for x € M. It follows that

Py (Pu(z)) = Pu(z)
for all x € H, and this verifies Pi; = Py;.
Now let x1,29 € H, and let
=y +z, y €M €M,
x2:y2+225 ?J2€M>22€MJU
be their unique representations in M @ M~*. We have that
(Pywy, ma) = (Y1, T2) = (Y1, Y2 + 22)
= (y1,42) = (Y1 + 21, 42) = (21, Pya).

As the adjoint Pj; is the unique bounded linear operator satisfying ( Py, xo) =
(x1, Pijxe) for all xy,x9 € H, this verifies that Pj; = Py.

b) In order for T, to be an orthogonal projection, it is necessary that T? = T,
meaning that
T?(x) = (afzy, a3z, .. .)
= ((ll.%l, asxg, . . ) = Ta(LC)
for all z € £2. This occurs if and only if a? = a; for all i € N, or equivalently
if a; € {0, 1}
Now assume that this condition holds, and let I C N denote the set of indices
1 for which a; = 1. We have
ranTa:{x€€2 ; xizoforigé]}

and
kerTa:{$€€2 : :Ei:0f0rz'€_f}.
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Moreover, it is clear that when a; € {0, 1}, we have

(Toz,y) = D @rii = ) wi¥

el el
=Yz = (z, T,y)
el

for all z,y € 2, so T =T,.

Finally, one can show that ker(7},)* = ran(T},) either directly, or by recalling
that for a bounded linear operator T" : H — H on a Hilbert space H, we
have

ker(T*)* = ran(T).

Since 1) = Ty, it thus follows that

ker(T,)* = ker(T*)* = ranT,.

c) We have
[Ta]l = sup [[Tozll
llz(l2=1
= sup \/|a1m1|2+ lasx3| + -
llz(l2=1
< sup (Suplaz\\/!$1|2+!$2|2 )
llzll2=1
= llall sup |22 = |[al-
[|z|l2=1

This shows that ||7,] < ||a]lco. Now let us see that ||T,| > ||al|c- Let
denote the sequence whose 2’th element is one and all other entries are zero.
Then [|d;]]2 = 1 and we have

ITall = sup |[Ta(2)ll2 = sup |5 (3:) [|l2 = sup |ai] = [|af|o-
ieN ieN

|z]l2=1

Hence we have that || T,|| > |||/« and the result follows.

Problem 6 Let

10 1
A_[z 0 —2]'
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a) Note that there are several possible singular value decompositions A = UXV*.
Only the matriz 32 is uniquely defined. All correct SVDs are of course equally
good answers.

Seeking a singular value decomposition of A, we first find

5 0 =3
A"A=10 0 O
-3 0 5

The positive eigenvalues of this matrix are 0? = 8 and o5 = 2. The final
eigenvalue is 03 = 0. Since A*A is self-adjoint, the corresponding eigenvec-
tors are necessarily orthogonal. These are:

1

5
A*Al)l = 8u; = U1 = 0
1
V2
1
V2
A*A’Ug = 20y = Vy = 0
1
V2
0
A*Avg = Ovs = wv3= |1
0
All eigenvectors above are normalized to length one. We thus get
NG i owvs 0
8§ 0 0 2 2
Y= = 1f. 1
[ 0 V3 0] and V 01 (1) : (1)
V2 V2

Finally, we find the matrix U. Its first column w; is given by

e ()

and its second column usy by
1 1
u2:71402:7 \/5 = 1 .
09 \/§ 0 0

1)

and thus we have the singular value decomposition A = UXV*, with U given
in (2) and ¥ and V given in (1) (note again that only 3 is unique).

We get
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b) The pseudoinverse A™ of A is given by AT = VETU*, where

1
[
0 O
We get
1L gl [4 0 11
N V2 V2 . V8 ) 0 1 2 14
S T A IR ] B
R 2 i
The minimal norm solution of the system
$1+0$2+$3:1
21‘1+0$2—2ZL‘3:4
is thus given by
11 3
1 2 1 2
T —A+<1>— 0 O <1>— 0
- 4 11l \4 _1
3 2 4 2



