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Problem 1

a) (1) Find the singular value decomposition for the matrix

A =
(

1 1 −1
1 1 −1

)
.

(2) The linear system:

x1 + x2 − x3 = 1
x1 + x2 − x3 = 1

has infinitely many solutions. Determine the one with the minimal Eu-
clidean norm ‖.‖2.

The linear system

x1 + x2 − x3 = 1
x1 + x2 − x3 = 2

has no solution. Determine the least squares solution of the linear sy-
stem.

Hint: The pseudoinverse of the matrix related to the linear system
might be useful.

b) Given a n× n-matrix A of rank n. Prove that A has a polar decomposition
using the singular value decomposition of A. Hence, show that there exist
an n×n unitary matrix W and a positive definite n×n matrix P such that
A = WP .

Problem 2

a) Let T be the linear transformation T (x) = Ax on R3 for the matrix

A =

 0 1/2 1/3
1/4 0 1/5
1/5 α 0

 ,
where α is a real number.
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(1) Determine the operator norm of T : (R3, ‖.‖1) → (R3, ‖.‖1). Note that
the result depends on the parameter α.

(2) Determine those α’s such that T is a contraction on (R3, ‖.‖1).

b) Rewrite the linear system

3x1 − 3
2x2 − x3 = 1

−x1 + 4x2 − 4
5x3 = 2

−2
5x1 − 1

2x2 + 2x3 = 4

as a fixed point problem and show that one can use Banach’s fixed point the-
orem to prove the existence of a solution. Compute the first three iterations

x(1), x(2), x(3) for the starting point x0 =

1
0
0

.

Problem 3

a) (1) Suppose (X, ‖.‖X) and (Y, ‖.‖Y ) are normed spaces. Define the notions
of a continuous and of a Lipschitz continuous function f : X → Y .

(2) Let X be a vector space and T a linear map between the vector spaces
T : X → X. Define the notion of a T-invariant subspace of X.

(3) Let (X, ‖.‖) be a normed spaceX. Define the notion of a dense subset
of X and define when X is separable.

(4) Let X be a vector space and T : X → X a linear transformation. Define
the notion of a generalized eigenspace for an eigenvalue λ of T and the
minimal polynomial of a n× n-matrix A.

(5) Define the notions of a Cauchy sequence and of completeness for normed
space.

b) Determine if the following statements are true or false and if the statement
is not true, give a counterexample.

(1) Any linear map on a normed space is bounded.
(2) Any linear transformation on a finite-dimensional complex vector space

has a non-trivial invariant subspace.
(3) The set of sequences with finitely many non-zero elements is dense in

the space of bounded sequences `∞.
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(4) The orthogonal complement of any subset of an innerproduct space is
closed.

(5) The range of any bounded linear map on an infinite-dimensional vector
space is closed.

Problem 4 For a = (an)n∈N ∈ `∞ we define the linear operator Ta : `2 → `2

by Ta(x1, x2, ...) = (a1x1, 0, a3x3, 0, ...) for (xn) ∈ `2.

(1) Show that Ta is bounded on `2.

(2) Determine the operator norm of Ta.

(3) Show that the range of Ta is closed.

(4) Determine the orthogonal complement of ker(Ta).

(5) Determine for which sequences a ∈ `∞ the operator Ta satisfies T 2
a = Ta.

Problem 5 Let {en}n∈N be an orthonormal system in a Hilbert space X and
(αn)n∈N a sequence of complex numbers.

Show that the series ∑n∈N αnen converges in X if and only if (αn)n∈N ∈ `2.


