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Problem 1 Let A be a non-empty subset of the real line R.

a) Define the following notions: (a) the infimum of A; (b) the supremum of
A; (3) the closure of A; (4) the interior of A; (5) the boundary of A.

b) Assume that A is bounded from above. Show that the supremum of A lies in
the closure of A.

Problem 2 Consider the initial value problem:

dx

dt
= f(t, x), and x(t0) = x0,

where f is a function f : U × V → R defined on U × V of R2 such that t0 lies in
the interior of the interval U and x0 in the interior of the interval V , respectively.

a) Formulate the theorem of Picard-Lindelöf.

b) Solve the initial value problem

dx

dt
= 2t(1 + x), and x(0) = 0,

by applying the theorem of Picard-Lindelöf. Compute the first three Picard
iterations x1(t), x2(t) and x3(t) starting from x0(t) = 0.

Problem 3 Given the matrix

A =







1 2
2 2
2 1





 .

a) Compute the singular value decomposition of A.

b) Use the result of a) to find:
(1) Bases for the following vector spaces: ker(A), ker(A∗), ran(A), ran(A∗).
(2) the polar decomposition of A, i.e. find a unitary matrix Q and a positive
definite matrix H such that A = QH.
(3) The pseudo-inverse of A.
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Problem 4 Let ‖.‖a and ‖.‖b be two norms on a vector space X.

a) Show that ‖x‖ := (‖x‖2
a+‖x‖2

b)
1/2 is a norm on X. Furthermore, if a sequence

(xn) converges in (X, ‖.‖), then it converges in (X, ‖.‖a) and in (X, ‖.‖b).

b) Suppose there exist constants C1, C2 > 0 such that

C1‖x‖b ≤ ‖x‖a ≤ C2‖x‖b

holds for all x ∈ X, i.e. ‖.‖a and ‖.‖b are equivalent norms on X.

Show that there exist constants C ′
1, C ′

2 > 0 such that

C ′

1‖x‖a ≤ ‖x‖b ≤ C ′

2‖x‖a

holds for all x ∈ X.

Determine the constants C1 and C2 for the sup-norm ‖.‖∞ and ‖.‖p-norm,
1 ≤ p < ∞. on R

n:
C1‖x‖∞ ≤ ‖x‖p ≤ C2‖x‖∞.

Problem 5 Let M be the subspace of ℓ2 defined by

M = {x = (xn)n∈N ∈ ℓ2 : x2n = 0 for n = 1, 2, ...}.

a) Show that M is a closed subspace of ℓ2 and determine its orthogonal com-
plement M⊥.

b) Determine the orthogonal projection P from ℓ2 onto M without using the
pojection theorem and show that P = P ∗ and its operator norm ‖P‖ = 1.

Problem 6 Let X be a separable Hilbert space and {ek : k = 0, 1, 2, ...} an
orthonormal basis for X. We define the operator S by S(ek) = ek+1 for k =
0, 1, 2, ... .

a) Suppose a = (a0, a1, ...) ∈ ℓ2 is the coefficient sequence of x ∈ X:

x =
∞

∑

k=0

akek.

Describe the operator S in terms of the coefficient sequence (a0, a1, ...), i.e.
as an operator on ℓ2. Determine S∗ on ℓ2 and find S∗(ek) for k = 0, 1, ....
Compute the operator norm of S.

b) Determine if S and S∗ are injective and/or surjective, respectively. Deter-
mine S∗S and SS∗, their kernels and ranges, respectively.


