TMA4145 Linear
Methods
Fall 2017

Norwegian University of Science

and Technology

Department of Mathematical Exercise set 9
Sciences

Please justify your answers! The most important part is how you arrive at an answer,
not the answer itself.

Use the Banach fixed point theorem to solve:

71‘1—1’2—|—2£L'3:1
—$1+3[L’2+I‘3=2

T1—To+ 053 =1
Hint: Pick appropriate norms on R? to get a contraction.

Solution. As you have seen in the lectures, we will formulate the problem as a
fixed-point problem of the form x = Az + b. The system of equations is equivalent to

1 1 2
1‘1:?4—?1'2—?553

2 1 1
$2:§+§$1—§$3

1 1 1
$3:5—5$1+5$2

which we may write in matrix form as

zo| = | 1/3 0 —1/3| |zo| + [2/3
x3 -1/5 1/5 0 3 1/5
If we define
0 /7 =2/7 /7
A=11/3 0 —1/3| and b= |2/3
—-1/5 1/5 0 1/5

our problem becomes solving x = Ax + b — a fixed point problem. In order to apply
Banach’s fixed point theorem, we need to have a contraction. In this case we need
that

[Az +b— (Ay +b)|| = [|[A(z — y)|| < K|z —y||
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Exercise set 9

for any z,y € R?® in some norm ||.|| on R®. Let us use the ||.| on R3. From the
last problem set, we then know that the operator norm of the operator T : R? — R?
given by Tx = Ax is the maximal row sum of the matrix A. In this case the maximal
row sum appears in row 2 and equals 1/3 4+ 1/3 = 2/3. Hence ||T'|| = 2/3. But this
means that

2
1A =Yoo = IT(@ = Y)llee < Tz = ylloo = Sz = Yllee.

Hence we have a contraction with K = % By Banach’s fixed point theorem we may
choose any 7y € R?, and the iteration procedure z,, = Ax,_; + b will always converge
to a solution = of x = Az + b. Let us for instance pick

1
Ty = 1
1
Then the first few iterations give
0 0.1471
T = 2/3 y ey L10 = 0.7176
1/5 0.2941

And you may check that this is a very good approximation to the solution of the
original system.

We denote by c; the set of all sequences with only finitely many non-zero
entries.

a) For 1 <p < oo show that ¢y is dense in (7.

b) For 1 < p < oo show that ¢? is separable.

Solution. a) Let ¢ > 0 and = € ¢* be given. We will show that we can find a
sequence y € c¢s such that ||z — y||, < € — this would show that c; is dense in /7.
Since z € (P, we have by definition that >2°, |z;|? < co. This means that there is
some N € N such that

o0

> JmP < e,

i=N+1

since the tail of a convergent series approaches zero. Define the finite sequence y by

) for1<i:< N
YTY0 for N41<i< oo
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Then we find that

fe'e) 1/1’
o=yl = (Z 21 — y|)
=1

. 1/p
= > |ul
i=N+1

< ()P =

b) To show that 7 is separable, we need to find a countable, dense subset A C (7.
We will choose A to be those sequences in ¢y with only rational elements. More
precisely,

A={x e P :z; € Qforall i € Nand x; # 0 for only finitely many ¢ € N}.

We need to show that A is dense and countable. To show that A is countable, note
that we can write A as the union

Ay

N
I
P

where
A, ={x el :z; € Qforalli e Nand z; =0 for all i > n}.

In words, A, is the set of sequences = € P with rational coefficients and only the
first n elements are allowed to be non-zero. We can identify A, with Q", where Q™
is the Cartesian product of Q with itself n times. After all, A, consists of sequences
with rational coefficients and only the first n elements are allowed to be non-zero.
Such a sequence may clearly be identified with an n-tuple of rational numbers, i.e.
an element of Q". By proposition 1.3.7 the Cartesian product of countable sets is
countable !, hence Q" is countable and therefore A,, is countable. Furthermore, A is
the countable union of the countable sets A,,, hence A is countable by proposition
1.3.7.

Now we need to show that A is dense. Let x € /7 and € > 0 be given. We need to
find a € A such that ||z — a||, < e. By (a) we may find y € ¢f such that

[z = yllp < e/2.

We would like to approximate y with some a € A. Since y € ¢y, it has finitely many
non-zero elements — assume that y has m non-zero elements. Since QQ is dense in R
we may for every 1 < ¢ < m find some ¢; € QQ such that

| (Z | <
y’L (2 2m]/p .

g forl1<i<m
a; =
0 form+1<i<oo.

!But we are only allowed to take finite products!
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Then we find that

ly —allp

Using the triangle inequality we then get
|z —all, < [lz —yll, +lly —all, <e/2+€/2 =

Note. The main point of this exercise is to identify that A is the correct set to
consider. You should then note that A is countable since QQ is countable, and A is
dense in (P since Q is dense in R. As we have seen there are many details to this,
but these are the main ideas.

Let M be a subspace of a Hilbert space X. Show that the orthogonal comple-
ment M+ = {r € X : (z,y) = 0 for all y € M} is a subspace of X.

Solution. Clearly 0 € M+. We need to show that M~ is closed under addition and
scalar multiplication. Assume that x,2’ € M*. For every y € M we find that

(x+a'y) = (z,y) + (z",y) =0+ 0=0.
This show that = + 2’ € M.
Then assume that x € M+ and ) is a scalar. For any y € M we find that
(Az,y) = Mz,y) =A-0=0.

Hence \x € M+,

Consider the integral operator T": (C|0, 1], |.||«) — (C0, 1], ||.]|x)

Tf() = [ K w) [y

where k is given by

k(x,y) = Z gi(x)hi(y)

i=1
for g1, ..., g, and hq, ..., h,, are continuous functions on [0, 1]. We assume that
{91, ..., gn} are linearly independent.
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a) Determine the kernel and the range of T.

b) Investigate if the range of T' is closed.

Solution. Let us start by rewriting the expression for 7" using the expression we
have for k.

TS() = [ K)oy
= [ S ot Sy
= >0l | hl)f @)

a) The kernel of T' is the set of functions f such that T'f = 0. By our expression for
T, this means that

> 0w) [ hiw) )y =0,

and since the functions g; are assumed to be linearly independent this implies that

1
/ hi(y)f(y)dy = 0 for any 1 <i <n.
0

So we have showed that
1
ker(T) = {f € C[0,1] : / hi(y) f(y)dy = 0 for any 1 < i < n}.
0

The range of T is the set of functions g such that
n 1
9(2) = (@) [ hily)f)dy
i=1

for some f € C[0, 1]. In particular g is a linear combination of the g;.

b) By a), the range of T is a subspace of the finite-dimensional subspace spanned by
the vectors {g; : 1 <i <n}. Hence the range of T is a finite-dimensional subspace.
The range of T is therefore closed, since any finite-dimensional subspace of a normed
space is closed — let us prove this.

Assume that A is a subspace of a normed space X, and that A has the basis
{e; : 1 <i < n}. Then assume that (a,,) is a sequence in A that converges to some
z € X in the norm of X, which we denote by ||.||. To show that A is closed, we need
to show that x € A. We may define another norm ||.||; on A by

1> Xiealli =D |l
=1 =1

for scalars {\;} ;. Each sequence element a,, can be written as a linear combination
of the basis elements:
= cgm) e;
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for scalars {cg-m)}’]?:l. The sequence (a,,) is Cauchy in ||.||, and since all norms on
finite-dimensional spaces are equivalent (a,,) is Cauchy in ||.||;. The fact that (a,,)
is Cauchy in |.|[; implies, by the definition of the norm |.||;, that the sequences
(cjm));’;’:l are Cauchy for each fixed j. Since (cg-m));’ﬁ:l is a Cauchy sequence in the
complete space R or C, it converges to some c¢;. Define

n
a = Z cjej.
=1

It is simple to show that (a;) converges to a in the norm ||.||;. But clearly a € A,
and since the norms ||.|[; and ||.|| are equivalent we must have that (a;) converges to
a in the norm ||.||. Since limits are unique we must conclude that a = x, which is
what we needed to show.

Suppose ||.||, and ||.||» are equivalent norms on X. Then (X, ||.||.) is a Banach
space if and only if (X, ||.||s) is a Banach space.

Solution. We will use lemma 4.15 of the notes. Assume that (X, ||.||,) is a Banach
space, and let (x,) be a Cauchy sequence in the norm |.||,. By part (2) of lemma
4.15, (z,,) is also Cauchy in the norm |.||,. Since (X, ||.||) is a Banach space, this
means that (z,,) converges in the norm ||.||,. By part (1) of lemma 4.15, we get that
(x,,) converges in the norm ||.||y. This shows that (X, ||.||s) is a Banach space.

The same proof will show that (X, ||.||.) is a Banach space if (X, ||.||s) is a Banach
space.

@ Let ||.|l and ||.||s be two norms on a vector space X. Show that the following
statements are equivalent:

1. ||.||o and ||.||» are equivalent norms.

2. For a set U C X we have that U is open in (X, ||.||.) if and only if U is
open in (X, ).

Solution. We start by assuming that [.||, and |||, are equivalent norms. This
means that we have constants C', Cy > 0 such that

Cillzlla < llzlls < Cofl]la

for all z € X. Then assume that U is open in (X, |.||o), and pick any =z € U. To
show that U is open in (X, ||.||s), we need to find some open ball B?(x) centered at
x that such that B®(z) C U. Since U is open in (X, ||.||,), there exists some 7 > 0
such that B%(z) C U. Since B%(x) C U and we want B’(x) C U, it will clearly be
enough to find € > 0 such that

B'(z) C B%(x).
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The key to finding this € is the inequality

1
lzlla < aHl’Hb-

[ claim that if we pick e = Cyr, then B’(x) C B4(x) C U.
To prove this, assume that y € B’(z). We then find that

Iz~ ylla < - llz — ol
=G
1
< aﬁ =T,
hence y € B%(x). The proof that any set U that is open in (X, ||.||s) whenever U is
open in (X, ||.|[s) is proved the same way, just using the inequality

2]l < Col|la-

Now assume that U is open in (X, |.||,) if and only if U is open in (X, |.||s). In
the lecture notes we have proved that ||.||, and ||.||, are equivalent if and only if

7r(0) C BY(0) ¢ B%(0) for some r > 0 — hence it will be enough to find such an
r > 0. We begin by considering B?(0). This is of course an open set in (X, ||.||5), and
by assumption it is therefore open in (X, ||.||s). By our definition of open sets, this
means that there must exist some C; > 0 such that Bg (0) C BY(0). By the same
argument there must exist some Cy > 0 such that B, (0) C B{(0). This inclusion
actually implies that B2(0) C B¢, (0). Assuming this for now, we have shown that

B¢, (0) € B1(0) C By, (0).
If we pick r = max{g-, 7=}, then this clearly implies that
#/+(0) € By(0) € By(0).

It only remains to justify the assertion that BY(0) C B, (0) since B, (0) C Bf(0).
To prove this we need to show that if ||z||, < 1, then [|z||, < 1/Cs. But if ||z||, < 1
it follows that

1Cozle = Callfls < Co.

Since we assume B¢, (0) C B{(0), this further implies that ||Csz||, < 1. Dividing
both sides by Csy, we obtain
1
a < o~
ol < &

which is what we needed to show.
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