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Problem 1 Let A be a non-empty subset of the real line R.

a) Define the following notions: (a) the infimum of A; (b) the supremum of
A; (3) the closure of A; (4) the interior of A; (5) the boundary of A.

Solution:

1. If m is a lower bound of A such that m > m/ for every lower bound m/,
then m is called the infimum of A, denoted by m = inf A.

2. If M is an upper bound of A such that M’ > M for every upper bound
M’ then M is called the supremum of A, denoted by M = sup A.

3. The closure of A, denoted by A, is the intersection of all closed sets
containg A.

4. The interior of a subset of A of R, denoted by intA, is the union of all
open subsets of R contained in A.

5. The boundary of a subset A of R, denoted by bdA, is the set A\intA.

b) Assume that A is bounded from above. Show that the supremum of A lies in
the closure of A.

Solution:
Let A C R be bounded from above. By the axiom of completeness, the
supremum of A exists (as a real number), that is, sup A € R.

Let € > 0. Since sup A is the least upper bound of A, we have that sup A —¢
cannot be an upper bound for A, so there is some element a. € A such that
a. > sup A — . Furthermore, since sup A is an upper bound of A, and since
a. € A, we must have that a, < sup A. Thus

supA —e <a. <supA.

For every n > 1 we may choose ¢ = % Using the above, there is some

element a,, € A such that

1
supA — — <a, <supA.
n

We have obtained a sequence (a,) C A such that sup A — % <a, <supA
for all n > 1. Subtracting sup A from all sides of this inequality, we get that

1
——<a,—supA<O0,
n
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which implies

1
|an—supA|§E—>O as n — 00, SO a, —>sSupA.

Problem 2 Consider the initial value problem:

(CZ:: (t,z), and x(ty) = wo,

where f is a function f : U x V — R defined on U x V of R? such that ¢, lies in
the interior of the interval U and x in the interior of the interval V', respectively.

a) Formulate the theorem of Picard-Lindel6f. Assume that f is continuous in ¢
and uniformly Lipschitz in x:

|f(t,z) — f(t,2")| < Llx — 2’| forall teU,z,2' €V.

Then the IVP has a unique local solution, i.e. there exists a § > 0 such that
the IVP has a solution = on (xy — 6,z + 9).

b) Solve the initial value problem

d
21 +2), and 2(0) =0,
dt
by applying the theorem of Picard-Lindel6f. Compute the first three Picard
iterations x (t), z2(t) and x3(t) starting from xy(t) = 0.

Solution:

In this problem f(z,t) = 2t(1 + z), which is continuous in ¢ and uniformly
continuous on the closed interval [—B, B] for any B > 0. Hence there exists
a unique local solution. The formula for the Picard iteration is

t ¢
T (t) = /0 25(1 + @, (s))ds = t* —I—/O 252, (s)ds.
Since o(t) = 0 we have

) ) t4 ) t4 tG
() =t m(t) =t +op z3(t) =t ETREETE
Note that z,(t) is the Taylor expansion of e~ — 1. Hence x,(t) — e™* — 1
and thus the solution actually exists for all t € R.
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Problem 3 Given the matrix
1 2
A=12 2
2 1
a) Compute the singular value decomposition of A.
Solution:

1. A*A = g S has as characteristic polynomial 2% — 18z + 17 = (v —

17)(x — 1). Hence the eigenvalues of A*A are \; = 17 and Ay = 1.

. . . 1
The corresponding normalized eigenvectors are v, = % <1> and vy =

L (_11> Consequently, we have

v
1 1
CE)
V2 V2
2. The singular values of A are 0y = /17 and oo = 1. Thus

V17 0
»=10 1
0 0

3. The first two columns of U are given by

172 34 L AVET s
and by
1 2 -1
1 1 1
u2—fAvgz— 2 2 (_)Z 0
2o 1) \7 V2,
Consequently, U has the form
3 -1
Vi 2 M
40 =z
o
VRV
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The last column is determined by the assumption that it has to be
orthogonal to the first two columns. The choice

1 2

satisfies these conditions, but there are many other ways to complete
the first two columns to become an orthonormal basis for C?,

<
)

3 -1 2
V34 V2 V1T
49 =5
V3L V2 1T
4. The SVD of A is
3 -1 2
Vsi vz v\ (VIT 0\ ;1 1
4 0 = 0 1(\/5 \ﬁ)
V34 V17 11 /-
31 Y2 0 0/ \va 2
V34 V2 V1T

b) Use the result of a) to find:
(1) Bases for the following vector spaces: ker(A), ker(A*),ran(A), ran(A*).

Solution:

ker(A*) = {us}, ker(A) = {0}, ran(A*) = {vy, vo},ran(A) = {uy, us}.
(3) The pseudo-inverse of A.

Solution:
o = T
4 L L 34 34 34
Tyt
RN/ [ I
VIT V1T VAT
Problem 4 Let ||.||, and ||.|[, be two norms on a vector space X.

a) Show that [|z|| := (||=|?> + ||z[|?)"/? is a norm on X. Furthermore, show if
a sequence (x,) converges in (X, ||.||), then it converges in (X, |.||s) and in

(X - 1lo)-

Solution:
|| == (|z]|2 + [|=]|?)"/? is a norm, because
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b)

1. ||z|| = 0 if and only if ||z||, = 0 and ||z||, = 0, which is the case only if
x = 0.

2. ]l = (|rzlz + MazlP)? = (2[llz + M2l3)? = All=]7 +
l[13)"/2 = [Alll]l

3. Let us compute ||z + y||* and (||z]| + [Jy])*.

(Ul + lyID* = (lzlla + ) + (lylla + lyllb)*
= llzllz + =z + lylls + lylls+
2l|zllallylla + 2llyllallzlls + 2llzllallylle + 2l llollyllo

lz+yll> =llz+yl2+ ]z +yl;

< (l2lla + lylla)* + Uz lly + llylle)* = 2112 + 21l + 17 + Nyl +

2l|lzllallzlle + 2llyllallylle,
which gives us
(el +lyID* = llz +ylI* = 2lyllallzlls + 2llzllally ]y > 0

and consequently
[z +yll < llzll + [yl

For the convergence statement, we just observe that ||z||, < ||z|| and ||z, <
||z||, which yields the desired assertions.

Suppose there exist constants C,Cy > 0 such that
Cillzlle < lzlla < Call]ls

holds for all z € X, i.e. ||.|l, and |.||» are equivalent norms on X.

Show that there exist constants C7, C4 > 0 such that
Cillzlla < llzlls < Coflzla

holds for all x € X.

Solution:

Cillzlls < llzlla < Calllo

implies that Cy||z||y < ||z|4, hence

lzlls < C1*lla,
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and from ||z||, < Cs|z||, we deduce

Cy Hlzlla < l2lls
. Consequently, we have
Oy lzlla < llzlls < C7 2o,
soCl=Cyt 0y =Crth
Determine the constants C; and C for the sup-norm ||.||o and |.||,-norm,

1<p<oo. onR™
Cillzlloe < [l2llp < Col[]loo-

We have C; = 1 and Cy = n'/?, because max{|z;| : i = 1,..,n} =
max{|z;|?: i =1,..,n}Y? < (X0, |z;[P)P and (20, |2:P)Y? < (20, max{ |z :
i=1,..,nyP)Y? < pVPmax{|z;|: i =1,...,n}.

Problem 5 Let M be the subspace of £ defined by
M ={x = (21)pen € *: 79, =0 for k=1,2,...}.

a) Show that M is a closed subspace of £ and determine its orthogonal com-
plement M*.

Solution:
Suppose (2")nen, Where 2 = (2})ren, iS a sequence in M converging to
& = (Z)ren in 2. Since z3; = 0 for j = 1,2,... we have

o2y | = |wgy — | = (logg — ;)2 < (3 |y — 27 )2 = ||z — 2"
JEN

for all j,j € N. Hence in the limit as k — oo we get that |zy;| = 0 for all
j € N. Thus x € M and M is a closed subspace of 2.

The natural candidate for the orthogonal complement of M is the subspace
N = {(wg)ren| 2251 =0, j=1,2,...}.

Now, for z € M and y € N we have (z,y) = 0. Hence N C M.

Suppose y € M*. Then (x,y) = 0 for all z € M. Let us take the standard
basis {e, : k € N}. Then we ey € M for all j and we have for z = eqg;_;
that (x,eg;_1) = x2j_1 = 0. Consequently, y € N and thus M+ =N.
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b) Determine the orthogonal projection P from ¢* onto M without using the
projection theorem and show that P = P* and its operator norm | P|| = 1.

Solution:

The orthogonal projection Pz of x onto M is the best approximation of x
in M such that its error is in the orthogonal complement. Hence z — Px €
M* ie (x — Pz,y) = 0 for all y € M. Hence z — Pz = (z9;_1), s0
Pr = (x3;) = (22,74,%,...). We also have that M N M+ = {0} since
(v1, 9,3, ...) = (T2, T4, ...) + (w1, 23, ...) for all z € 2. Hence P?> = P and

<P.f17,y> = Z$2kg2k = <$,Py>,

k=1
ie. P=P~".
By Pythagoras we have ||z||3 = || Pz||5 + ||y||3 where y € M*. Thus || Pz|| <
|z||. On the other hand there exists an x € ¢* such that Px # 0, but
P(Pz) = Pz. Thus |P(Pz)|| = || Pz||, so we have ||P|| > 1. Hence ||P|| = 1.

Now for z € /2 to M.

Problem 6 Let X be a separable Hilbert space and {e; : £ = 0,1,2,...} an
orthonormal basis for X. We define the linear operator S by S(ex) = exy; for
k=0,1,2,...

a) Suppose a = (ag,ay,...) € £? is the coefficient sequence of z € X:

o0
T = Z Q€.
k=0

Describe the operator S in terms of the coefficient sequence (ag, ay, ...), i.e.
as an operator on (2. Determine S* on (% and find S*(e;) for k = 0,1, ....
Compute the operator norm of S.

Solution:
By definition we have

o0 o0
S(l’) = Z (ZkS<€k) = Z AE€ra1-
k=0 k=0
In order to get the action of S on £? we have to change the summation index:

Z akS(ek) = Z Ap—1€k = 060 + age; + a1 + - - -
k=0 k=1
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Hence for a = (ag, a1, ...) we have
S((Io, ai, ) = (O, ag, a1, Ay, )

is a shift operator. Then we have that the adjoint of S is defined by
(Sa, b) = Z Clkflgk = Z akgkﬂ = (a, S*b>
k=0 k=0

Hence S* is the other shift operator on ¢2

S*<a0,(l1, ) = (al, ),

and in terms of the basis elements S* is defined by S*eq = 0 and S*e, = e;,_; for
k=1,2,... 'The operator norm of S equals

S| = sup{||Sal|s : a € * with |al, = 1}.
Since ||Sal|2 = |ao|® + |a1|* + |az|® + - - - = ||al|3 we have that ||S|| = 1.

b) Determine if S and S* are injective and/or surjective, respectively. Deter-
mine 5*S and SS*, their kernels and ranges, respectively.

Solution:
We consider S and S* as linear operators on £2. S* is not injective, (1, 0,0, ...)
gets mapped to (0,0, ...), and it is surjective: any a € £? lies in the range of
S*: 8*(0,ap, a1, ...) = (ag,ay,...). The map S is injective and not surjective:
Sa = (0,a9,ay,...) = 0if and only if @ = 0; and (1,0,0,..) does not lie in the
range of S.

S*Sa = (ap,ay,as,...) and SS* = (0,ay,as,...).

Hence the kernel of SS* is {(«,0,0,...) : a € C} and the range of SS* is (2.
Since S*S = I its kernel is just {0} and its range is ¢2.



