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Problem 1 Let T be a bounded linear operator on a normed space (X, ‖.‖).
Furthermore, T has a bounded inverse, i.e. T−1 exists and ‖T−1‖ <∞.

a) Show that ‖x‖T := ‖Tx‖ is a norm on X.

Solution:

• Positivity: ‖x‖T = ‖Tx‖ ≥ 0 by definition of a norm and ‖x‖T = 0 ⇔
‖Tx‖ = 0⇔ Tx = 0⇔ x = 0 because T is bijective.

• Homogeneity: ‖λx‖T = ‖T (λx)‖ = ‖λTx‖ = |λ|‖Tx‖

• Triangle inequality: ‖x+ y‖T = ‖T (x+ y)‖ = ‖Tx+ Ty‖ ≤ ‖Tx‖+ ‖Ty‖ =
‖x‖T + ‖y‖T .

b) Show that ‖.‖T and ‖.‖ are equivalent norms on X.

Solution:

The boundedness of T gives ‖x‖T = ‖Tx‖ ≤ ‖T‖‖x‖ and by the boundedness
of the inverse of T we have that ‖x‖ = ‖T−1Tx‖ ≤ ‖T−1‖‖Tx‖ = ‖T−1‖‖x‖T .
Hence we have established the desired assertion:

‖T−1‖‖x‖ ≤ ‖x‖T ≤ ‖T‖‖x‖.

Problem 2

a) State (without proof) whether the assertion is true or false.

1. A uniformly continuous function on a metric space is Lipschitz conti-
nuous. Answer: No

2. The kernel of a bounded linear operator T on a normed space X is
always closed. Answer: Yes

3. A Cauchy sequence (xi)∞i=1 in a normed space X is convergent. Answer:
No

4. Rn with ‖(x1, x2, ..., xn)‖1 = ∑n
i=1 |xi| is not complete. Answer: Yes

5. A linear mapping T on Cn has at least one eigenvalue. Answer: Yes
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b) Define the following notions.

1. Define the notion of a Cauchy sequence in a metric space (X, d).
Answer: A sequence (xn) in X is a Cauchy sequence in X if for any
given ε > 0 there exists a N ∈ N such that d(xi, xj) ≤ ε for i, j > N .

2. Let f be a mapping between the normed spaces (X, ‖.‖X) and (Y, ‖.‖Y ).
Define the notion of Lipschitz continuity for f .
Answer: If there exists a constant K > 0 such that ‖f(x) − f(y)‖Y ≤
K‖x− y‖X for all x, y ∈ X.

3. What does it mean for a subset S of a metric space (X, d) to be dense?
Answer: The closure of S equals X.

4. Let T be a linear operator between the normed spaces (X, ‖.‖X) and
(Y, ‖.‖Y ). Define the operator norm of T .
Answer: ‖T‖op = supx 6=0

‖T x‖Y

‖x‖X

5. Define the orthogonal complement of a subspace M of a Hilbert
space H.
Answer: M⊥ = {x ∈ H : 〈x, y〉 = 0 for all y ∈M}.

Problem 3 Let T be the linear operator on the space of polynomials P2 of
degree at most 2 defined by Tf(x) = f

′(x), the derivative of f .

Find the matrix representation of T with respect to the basis {1, x, x2} of P2, its
characteristic polynomial and show that T is nilpotent on P2.

Solution:

The matrix representation is given by

0 1 0
0 0 1
0 0 0

, the characteristic polynomial is

pT (λ) = λ3 and it is nilpotent because T 2 = 0.

Problem 4

Let the linear mapping T : C3 → C2 be given by the matrix

A =
(

3 1 1
−1 3 1

)

with respect to the standard bases. Compute the Singular Value Decomposition
of A.
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Solution:

U =
( 1√

2 −
1√
2

1√
2

1√
2

)
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(
2
√
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0
√
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)
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1√
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2√
5 −

1√
30√

2√
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

Problem 5 Give operators S and T on `2, where S is surjective but not in-
jective and T is injective but not surjective.

Solution:

The right and left shift operators R,L provide such operators, which are defi-
ned by R(x1, x2, ...) = (0, x1, x2, ...) and L(x1, x2, ...) = (x2, x3, ...). Note that R is
not surjective but injective and that L is not injective but surjective.

Problem 6 Let M be a closed subspace of a Hilbert space (H, 〈., .〉). Define
the orthogonal projection PM of H ontoM and show that PM is a bounded, linear,
selfadjoint operator on H.

Solution:

The orthogonal projection PM of x onto M is the vector PMx ∈ H such that
x− PMx ∈M⊥. For the sake of simplicity we denote PM by P .

• linear: We have that x+ y − (Px+ Py) = (x− Px) + (y − Py) ∈M⊥ and
Px+ Py ∈M . Hence P (x+ y) = Px+ Py. The homogeneity follows along
the same lines.

• continuity: ‖x‖2 = ‖Px‖2 +‖x−Px‖2 ≥ ‖Px‖2 we have that ‖Px‖ ≤ ‖x‖.

• selfadjoint: Let x = m+m⊥ and y = n+n⊥ with m,n ∈M and m⊥, n⊥ ∈
M⊥.

〈Px, y〉 = 〈m,n+ n⊥〉 = 〈m,n〉 = 〈m+m⊥, n〉 = 〈x, Py〉.
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Problem 7 Let H be a real Hilbert space with respect to the inner product
〈., .〉 and ‖.‖ the associated norm.

a) Show that 2‖x‖2 + 2‖y − z‖2 = ‖x + y − z‖2 + ‖x − y + z‖2 holds for any
x, y, z ∈ H.

Hint: Use the parallelogram identity for appropriate elements of H.

Solution:

Use the parallelogram identity for x + y − z and x − y + z. Then we have
that

‖2x‖2 + ‖2y‖2 = 2‖x+ y − z‖2 + 2‖x− y + z‖2

and thus dividing by 4 yields the desired identity.

b) Show that 〈x, y〉 = 1
4

[
‖x+ y‖2 − ‖x− y‖2

]
for all x, y ∈ H.

Solution:

Compute
‖x+ y‖2 = ‖x‖2 + 2〈x, y〉+ ‖y‖2

and
‖x− y‖2 = ‖x‖2 − 2〈x, y〉+ ‖y‖2

; subtract the second equation from the first equation and divide by 4:

〈x, y〉 = 1
4(‖x+ y‖2 − ‖x− y‖2.

Problem 8 Let H be a Hilbert space with respect to the inner product 〈., .〉.
Suppose {e1, ..., en} is a finite orthonormal system in H. For x ∈ H, show that the
point in the closed linear span of {e1, ..., en} which is closest to x is given by:

x̃ =
n∑

i=1
〈x, ei〉ei

and that ‖x̃− x‖ =
(
‖x‖2 −∑n

i=1 |〈x, ej〉|2
)1/2

.
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Solution:

By the characterization of best approximation: ∑n
i=1 ciei is the best approximation

to x if and only if
〈x−

n∑
i=1

ciei, ej〉 = 0 for j = 1, ..., n

. The latter is equivalent to

〈x, ej〉 = 〈
n∑

i=1
ciei, ej〉

= 〈
n∑

i=1
ciei, ej〉 orthogonality

= cj〈ej, ej〉 orthonormality
= cj.

Hence x̃ = ∑n
i=1〈x, ej〉ej is orthogonal to x −∑n

i=1〈x, ej〉ej. Now by Pythagoras’
theorem we have

‖x− x̃+ x̃‖2 = ‖x− x̃‖2 + ‖x̃‖2,

which gives us
‖x‖2 − ‖x̃‖2 = ‖x− x̃‖2,

use ‖x̃‖2 = ∑n
i=1 |〈x, ej〉|2 by the orthonormoality of the e′js. Hence we obtain the

desired equality:
‖x− x̃‖ =

(
‖x‖2 −

n∑
i=1
|〈x, ej〉|2

)1/2
.

Problem 9 Let T be a linear operator from Rn to Rn and (aij)n
i,j=1 be the

matrix representation with respect to a basis in Rn. Determine the operator norm
‖T‖op of T : (Rn, ‖.‖1) → (Rn, ‖.‖∞) in terms of the matrix (aij)n

i,j=1, where one
equips the domain of T with the norm ‖(x1, ..., xn)‖1 = ∑n

i=1 |xi| and the range
space with ‖(x1, ..., xn)‖∞ = sup{|xi| i = 1, ..., n}.

Solution:

The sup-norm of Tx = (∑j aijxj)i is ‖Tx‖∞ = maxi |
∑n

k=1 aikxk| ≤ maxi
∑n

k=1 |aik||xk| ≤
(maxi

∑n
k=1 |aik|)‖x‖∞ and since ‖x‖∞ ≤ ‖x‖1 we obtains as result maxi

∑n
k=1 |aik|.

Now, take x to be the vector (1, 0, ..., 0). Then the bound is sharp and hence the
operator norm equals maxi

∑n
k=1 |aik|.


