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Problem 1

a) State (without proof) whether the assertion is true or false.

1. A Lipschitz continuous function is uniformly continuous.
2. The range of a linear operator T on a normed space X is always closed.
3. Suppose f is a function on R. Then d(x, y) = |f(x) − f(y)| defines a

metric on R.
4. Rn with ‖(x1, x2, ..., xn)‖∞ = maxi |xi| is complete.
5. A contraction on a non-zero metric space has a unique fixed point.

b) Define the following notions.

1. Define the orthogonal complement of a subspace M of a Hilbert
space H.

2. Let T be a linear operator between two normed spaces (X, ‖.‖X) and
(Y, ‖.‖Y ). Define the operator norm of T .

3. Let T be a linear mapping on Cn. Define the notion of a generalized
eigenvector.

4. Suppose f is a function between two metric spaces (X, dX) and (Y, dY ).
Define the notion of uniform continuity for f .

5. Define the notion of a nilpotent operator T : V → V for a finite-
dimensional vector space V .

Problem 2 Let T be the linear operator on the space of polynomials P2 of
degree at most 2 defined by Tf(x) = −f(x)− f ′(x).

a) Find the matrix representation of T with respect to the basis 1, x, x2 of P2
and its characteristic polynomial.

b) Find the generalized eigenvectors and eigenvalues of T . Determine a basis
for the space of generalized eigenvectors.
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Problem 3 We consider the matrix A =

 1 1 1
1 −1 0
−1 0 1

 .

a) Determine the eigenvalues and eigenvectors of A∗A.

b) Find the Singular Value Decomposition of A.

Problem 4 Let T be the linear operator defined on `2 by

T (x1, x2, ...) = (0, 2x1, x2, 2x3, ...).

a) Show that T is a bounded operator on `2 and determine the adjoint of T .
(The operator may be viewed as the composition of a multiplication operator
and the left shift operator on `2.)

b) Determine the kernel and the range of T . Use these results to find the kernel
and the range of T ∗.

Problem 5 Let (X, 〈., .〉) be an inner product space.

a) Define the linear functional ϕy(x) := 〈x, y〉 for a fixed y ∈ X. Show that
ϕy : X → C is bounded.

b) Suppose that (xn) and (yn) are convergent sequences, with limn xn = x and
limn yn = y. Show that limn〈xn, yn〉 = 〈x, y〉.

Problem 6 We define the following matrix and vector:

A =

5 1 0
2 8 0
0 1 3

 and b =

1
2
3

 .

a) Use Banach’s fixed point theorem to solve Ax = b for the normed space
(R3, ‖.‖∞). In other words, write Ax = b in the form x = Bx + c such
that B is a contraction with a constant K on R3 with respect to the norm
‖y‖∞ = max{|y1|, |y2|, |y3|}. Then show that one can solve this problem by
iteration starting from any x0 ∈ R3.
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b) We denote the fixed point of the problem by x̃ and by (xn) the sequence of
iterations. Show that

d∞(xn, x̃) ≤ Kn

1−K
d∞(x0, x1),

where K is the contraction constant K from part a).


