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Problem 1

a) State (without proof) whether the assertion is true or false.

1.
2.

A Lipschitz continuous function is uniformly continuous. True

The range of a linear operator T on a normed space X is always closed.
False

Suppose f is a function on R. Then d(z,y) = |f(z) — f(y)| defines a
metric on R. False

R™ with ||(z1, Z2, ..., Tn)||lco = max; |z;| is complete. True

5. A contraction on a non-zero metric space has a unique fixed point.

False

b) ®&EFEs Define the following notions.

1.

Define the orthogonal complement of a subspace M of a Hilbert
space H.

Answer: The orthogonal complement M+ is the following subspace of
H: Mt ={zeH: (r,y) =0 forall ye M}.

Let T be a linear operator between two normed spaces (X, ||.||x) and
(Y, ||-lly)- Define the operator norm of 7'
Answer: The operator norm of T is given by ||T|| = sup,ex “ﬁj)](l

Let T be a linear mapping on C". Define the notion of a generalized
eigenvector.

Answer: A generalized eigenvector to an eigenvalue A of T'is a vector z €
C™ satisfying: (T — AI)*z = 0 for some positive integer k greater than
1. Equivalently, z is an element of the kernel/nullspace of (T — AI)*.

Suppose f is a function between two metric spaces (X, dx) and (Y, dy).
Define the notion of uniform continuity for f.

Answer: The function f is called uniformly continuous if for any € > 0
there exists a § > 0 such that for all z,2' € X with dx(z,2') < § we

have dy (f(z), f(z')) < e.

Define the notion of a nilpotent operator T : V — V for a finite-
dimensional vector space V.
Answer: The operator T is called nilpotent if there exists a positive
integer p such that 77 = 0.
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Problem 2 Let T be the linear operator on the space of polynomials P, of
degree at most 2 defined by T'f(z) = —f(z) — f'().

a) Find the matrix representation of T" with respect to the basis 1, z,z? of P,
and its characteristic polynomial.
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b) Find the generalized eigenvectors and eigenvalues of T'. Determine a basis
for the space of generalized eigenvectors.

Tlhe ogomalues O T are dedezmined b

z@fOSXB"f”H& lejva (,Ca(tc FW\-G.
P(/\) ()\*'4\3 . Henmee N= 4 > W\LLQ
%W&M ©/r [ W“Lk O«O%JQ//:)PQ&C v\/w\/@/(ﬂpﬂuf

O,Q&%eam u/wng,cf&“ 9’? {W& b~ M(MH}Z@\
% e{fAEL& leervalls 4 (] -/\l\ ol
C \,) )o%%m@mmapfﬂuwlomwu&r
e Q/"&?@Wﬁuiofs @f Wdh%@“ﬁ%‘@a&ﬁ
(cm w»cw;é;/fr \ZOuL@/{,«_A >
(epenvedscs g@ﬁ)(

oo O

3»64/1 f—\fweo&r ( ,,\l)z(i‘j =

lWe leowe '(’LKO/S’ Ll /\l) O i
o o3 We pike (8, @meww
S i, o gmfs w e i e /£(,( Thy SpPae

M&AVL(/JH\S
'I Formn & Q’{/amﬁ‘f\/‘-&«l/@) WW&&&&J 2 =
Oéf»efs e e cfi&m {)srm tf[x)—-ab—t@ >(+sz
Cne [+ 1= d({)@,ﬁmh\[u% csq’wvo/lw D D
w%mgw’hafak-ths() \+ ‘(g(x)




Page 4 of 11 TMA4145 Linear Methods - Solutions, 17.12.2015

1 1 1
Problem 3 We consider the matrix A = ( 1 -1 O) .
-1 0 1

a) Determine the eigenvalues and eigenvectors of A*A.
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b) Find the Singular Value Decomposition of A.
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Problem 4 Let T be the linear operator defined on ¢2 by

T(.’Bl,xz, ) = (0, 21’1,IE2, 2[13‘3, )

a) Show that T is a bounded operator on ¢? and determine the adjoint of T

(The operator may be viewed as the composition of a multiplication operator
and the Lef(shlft operator on £2.)
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b) Determine the kernel and the range of T. Use these results to find the kernel
and the range of T™*.
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Problem 5 Let (X, (.,.)) be an inner product space.

a) Define the linear functional ¢, (z) := (z,y) for a fixed y € X. Show that
py : X — C is bounded.
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b) Suppose that (z,) and (y,) are convergent sequences, with lim, z, = = and
lim, y, = y. Show that im,(z,, y.) = (z,y).
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Problem 6 We define the following matrix and vector:

51 0 1
A=12 8 0] and b= .
01 3 3

a) Use Banach’s fixed point theorem to solve Az = b for the normed space
(R, ||.|lo). In other words, write Az = b in the form z = Bz + ¢ such
that B is a contraction with a constant K on R3 with respect to the norm

lylloo = max{|y1l, |va|, |ys|}. Then show that one can solve this problem by
iteration starting from any zo € R3.
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b) We denote the fixed point of the problem by Z and by (z,) the sequence of
iterations. Show that
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