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Exercise set 13

Hand this problem set only in, if you need it to reach 8 approved assignments.

Justify all the steps in your answers.

1 Solve the equation
−x1 + 2x2 + 2x3 = b, for b ∈ R,

and explain in which sense your result has to be interpreted.
Hint: Use the pseudo-inverse of an approbriate matrix.

2 Let N be matrix such that Nk−1 6= 0 and Nk = 0, i.e. N is a nilpotent matrix.
a) Show that I −N is invertible and its inverse is given by

(I −N)−1 = I +N +N2 + · · ·+Nk−1.

Apply this to the differentiation operator D on the space of polynomials of
degree at most 3 and find the inverse of I −D.

b) Determine the eigenspaces of the differentiation operator D on the space of
differentiable functions.

3 Find the singular value decomposition of

A =

0 1 0
0 0 1
0 0 0

 .

Describe the kernel and range of A and A∗ in terms of the left and right singular
vectors.

4 Determine the Jordan normal form of

1 1 1
0 1 0
0 0 1

, and its minimal polynomial.

5 Find the generalized eigenspaces of

A =

1 2 3
0 1 1
0 −1 −1

 .
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