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Exercise set 12

Justify all the steps in your answers.

1 Show that a matrix is unitary if and only if it is normal and all of its eigenvalues
have absolute modules one.

2 Let X be a finite-dimensional Hilbert space and T : X → X a linear mapping .

a) Show that T is a normal if and only if ‖Tx‖ = ‖T ∗x‖ for all x ∈ X.

b) Suppose that T is normal and let x be an eigenvector of T with eigenvalue λ.
Show that x is also an eigenvector of T ∗ with eigenvalue λ.

3 Let A be a complex 2× 2 matrix. Use just the definition A∗A = AA∗ to determine
when A is normal.

4 Determine the singular value decomposition of
(
3 2 2
2 3 −2

)
.

5 A n× n matrix A = (aij) is called strictly diagonally dominant if

|aii| >
n∑

j=1

j 6=i

|aij |

for i = 1, ..., n. Provide an example of a 3× 3 strictly diagonally dominant matrix.

Use the Gershgorin disk theorem to prove that a strictly diagonally dominant matrix
is invertible.
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