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Exercise set 10

Justify all the steps in your answers.

1 Let X be a Hilbert space and {xn : n ∈ N} a set of linearly independent vectors in
X.

a) Define the system {en : n ∈ N} as follows:

y1 := x1 e1 = y1/‖y1‖

yn := xn −
n−1∑
i=1

〈ei, xn〉ei en = yn/‖yn‖.

Show that {en : n ∈ N} is an orthonormal system. This orthonormalization
procedure is known as Gram-Schmidt orthogonalization.

b) Show that
span{en : n ∈ N} = span{xn : n ∈ N}

and in particular: if {xn : n ∈ N} is a bases for X, then {en : n ∈ N} is a basis
for X.

2 Let L2[−1, 1] be the closure of C[−1, 1] with respect to the innerproduct

〈f, g〉 =
∫ 1

−1
f(t)g(t)dt.

Apply Gram-Schmidt to the monomial basis {1, x, x2, x3, ...} up to degree 3.

3 Let M = span{e−2πit, 1, e2πit} in L2[0, 1]. Compute the orthogonal projection of
f(t) = t2 to M and compute the distance between f and M .

4 Consider the exponential basis {e2πint : n ∈ Z} in (L2[0, 1], 〈., .〉). Verify Parseval’s
relation for this particular case directly and write down the isomorphism between
L2[0, 1] and `2. Try to explain how Fourier series and some of their properties fit into
this problem.
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5 Let g be a function in L2(R) with ‖g‖2 = 1. Define the set {gm,n : m,n ∈ Z} by

gm,n(t) = e2πintg(t−m),

such systems are an example of a Gabor basis and a popular choice for g is the
Gaussian. In the rest of this exercise we will assume that

g(t) = 1[0,1](t) =

{
1, 0 ≤ t ≤ 1

0, otherwise

a) Show that {gm,n : m,n ∈ Z} is a orthonormal system in L2(R).

b) Define a variant of gm,n as follows. Set

gθm,n(t) = e2πintg(t−mθ),

for some real number θ > 0. Determine if this system is orthonormal.

These systems are known as Gabor frames and have applications in signal
analysis, wireless communication, quantum mechanics and noncommutative
geometry.
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