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Exercise set 9

Justify all the steps in your answers.

1 Let X be a Hilbert space and T a bounded linear operator on X.

a) Suppose x and x′ are two elements in X. If we have that 〈x, y〉 = 〈x′, y〉 for all
y ∈ X, then show that x = x′.

b) Show that the operator norm of T can be expressed in terms of the innnerproduct:

‖T‖ = sup{〈Tx, y〉 : x, y ∈ X with ‖x‖ = ‖y‖ = 1}.

2 We define on C[0, 1] the following innerproduct:

〈f, g〉 =
∫ 1

0
f(t)g(t)dt.

Show that (C[0, 1], 〈., .〉) is an innerproduct space, but that it is not complete with
respect to the norm ‖f‖2 = (

∫ 1
0 |f(t)|

2dt)1/2.

3 Let T be a bounded operator from a Hilbert space X to a Hilbert space Y . Define
the adjoint T ∗ of T and show that it exists and is unique. Describe the domain and
the codomain of T ∗.

Hint: In class we treated the case X = Y in detail.

4 Consider on (L2[0, 1], 〈., .〉) the integral operator Tk

Tkf(x) =

∫ 1

0
k(x, y)f(y)dy

for k ∈ C([0, 1]× [0, 1]).

a) What is T ∗?

b) Which kernels k give rise to unitary operators? When is Tk a selfadjoint operator?

5 Let M be a closed subspace of a Hilbert space (X, 〈·, ·〉) and consider X = M ⊗M⊥.
Show that the projection onto M is selfadjoint.
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6 Let M be the subspace of `2 that consists of all sequences with finitely many non-zero
terms. Show that best approximation fails for M . Why does this not contradict the
best approximation theorem from class?

Hint: For x = (1, 1/2, 1/3, ...) show that inf{‖x − m‖ : m ∈ M} = 0 and that
there exists no m ∈M that achieves this infimum.
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