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Exercise set 8

Justify all the steps in your answers.

1 Let A ⊂ R be a set.

Prove that if A is bounded from below, then there is a sequence (an) ⊂ A such that
an → inf A as n→∞. (In other words, prove that inf A ∈ Ā.)

Similarly, if A is bounded from above, prove that there is a sequence (an) ⊂ A such
that an → supA as n→∞. (In other words, prove that supA ∈ Ā.)

2 Solve the following initial value problem (IVP):{
dx
dt

= 2tx2

x(0) = 1.

What is the domain of the solution?

3 Consider the following IVP: {
dx
dt

= x1/3

x(0) = 0.
(1)

a) Verify that the constant function x1(t) = 0 for all t ∈ R, and the function

x2(t) =

{(
2
3 t
)3/2 if t ≥ 0

0 if t < 0

are both solutions to the IVP (1) on R.

b) The above shows that the solution of the IVP (1) is not unique. Why does this
not contradict the Picard-Lindelöf theorem?

4 Prove that the following IVP has a unique solution on an interval (−δ, δ), for some
δ > 0. {

dx
dt

= cos(t2 + x)

x(0) = 0.

How large can we guarantee δ to be?
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5 Let (X, 〈·, ·〉) be an inner product space and let A,B ⊂ X be two subsets of X.

a) Prove that if A ⊂ B then B⊥ ⊂ A⊥.

b) Prove that A⊥ = (spanA)⊥ .
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