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Exercise set 7

Justify all the steps in your answers.

1 Let (X, ‖·‖) be a normed space, and let A ⊂ X.

Assume that for every sequence (xn)n≥1 whose terms xn ∈ A for all n ≥ 1 we have:
if xn → x then x ∈ A.
Prove that A is a closed set.

For the next couple of problems you need to know the following two definitions.

Let (X, ‖·‖) and (Y, ‖·‖) be two normed spaces, let A ⊂ X and let f : A→ Y be a function.

We say that f is continuous at a point a ∈ A if for all ε > 0 there is δ > 0 such that for all
x ∈ A with ‖x− a‖ < δ we have ‖f(x)− f(a)‖ < ε.

We say that f is Lipschitz (with Lipschitz constant L ∈ R) if

‖f(x)− f(x′)‖ ≤ L ‖x− x′‖ for all x, x′ ∈ A .

2 a) Prove that if f : A → Y is a Lipschitz function, where A ⊂ X and X,Y are
normed spaces, then f is continuous at every point a ∈ A.

b) Let I ⊂ R be an interval and let f : I → R be a differentiable function. Assume
that for some L ∈ R we have

|f ′(x)| ≤ L for all x ∈ I .

Prove that f is Lipschitz with Lipschitz constant L.

3 Let f : A→ Y be a function, where A ⊂ X and X,Y are normed spaces. Let a ∈ A.
Prove that the following two statements are equivalent.

(i) f is continuous at a.

(ii) For every sequence (xn) ⊂ A, if xn → a then f(xn)→ f(a).
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Exercise set 7

4 The goal of this problem is to compute 3
√
5 approximately.

We care less (in this class) about the actual computation. Instead, the emphasis is on
the theoretical basis for the computation.

a) Reformulate this question as a fixed point problem and show that the Banach
fixed point theorem is applicable. More precisely:
(i) Indicate the relevant Banach space, the contraction f and its domain A.
(ii) Verify that the chosen function f takes values in A, in other words that
f : A→ A.
(iii) Verify that f is indeed a contraction on A.

b) What is the minimum number of steps required by the recurrence in the Banach
fixed point theorem to guarantee that the error in the approximation is at most
0.001?
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