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Exercise set 6

Justify all the steps in your answers.

1 Let (X, ‖·‖) be a normed space, let (xn) be a sequence in X and let x ∈ X.

a) Prove that xn → x if and only if ‖xn − x‖ → 0 .

b) Prove that if xn → x then ‖xn‖ → ‖x‖ .

c) Prove that if (xn) is a Cauchy sequence, then (xn) is bounded.

2 Prove that the normed space (`2(R), ‖·‖2) is complete.

3 For each n ∈ N, let

x(n) := (1,
1

2
, . . . ,

1

n
, 0, 0, . . .) ,

which we regard as an element of the space `p(R) (for any given p ∈ [1,∞]).

a) Find the limit of the sequence
(
x(n)

)
n≥1 in (`∞(R), ‖·‖∞).

b) Does
(
x(n)

)
n≥1 have a limit in (`1(R), ‖·‖1) ? If it does, find it.

c) Does
(
x(n)

)
n≥1 have a limit in (`2(R), ‖·‖2) ? If it does, find it.

4 Let C[a, b] be the vector space of all continuous functions f : [a, b]→ R.
We will consider two norms on this space, ‖·‖1 and ‖·‖∞.

a) Prove that for all f ∈ C[a, b] we have

‖f‖1 ≤ (b− a) ‖f‖∞ .

b) Let (fn) be a sequence in C[a, b].
Prove that if fn → f with respect to ‖·‖∞ then fn → f with respect to ‖·‖1.

c) Conclude from part b) that if fn → f uniformly, then∫ b

a
fn(x)dx→

∫ b

a
f(x)dx .

d) Show that the reverse of the statement in b) is not always true.
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