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Exercise set 5

Justify all the steps in your answers.

1 Let T : X → Y be a linear operator between two vector spaces X and Y . Prove the
following.

a) T (0) = 0 and T (−x) = −T (x) for all x ∈ X.

b) T is a one to one (i.e. injective) function iff Tx = 0 implies x = 0.

c) If T is one to one and if B ⊂ X is a linearly independent set, then T (B) ⊂ Y is
a linearly independent set as well.

d) If T is an onto (i.e. surjective) function, and if the set B ⊂ X spans X, then
the set T (B) ⊂ Y spans Y .

Conclude that if T is bijective and if B is a basis in X, then T (B) is a basis in Y .

2 Let C[a, b] denote the real vector space of continuous functions f : [a, b]→ R. Define
the function T : C[a, b]→ R by

T (f) :=

∫ b

a
f(x) dx.

Prove that

a) T is a linear map.

b) T is a bounded operator between the normed spaces (C[a, b], ‖·‖∞) and (R, |·|).

c) ‖T‖ ≤ (b− a).

3 Consider the normed space (l∞(R), ‖·‖∞) of all bounded sequences of real numbers
with the sup norm.

a) Let T : l∞(R)→ l∞(R) be the shift operator,

T (x1, x2, . . . ) := (x2, x3, . . . ) .

Prove that T is a bounded operator and that ‖T‖ = 1.

b) Let a = (a1, a2, . . . ) ∈ l∞(R) and consider the multiplication operator

Ta (x1, x2, . . . ) := (a1 x1, a2 x2, . . . ) .

Prove that Ta is a bounded operator and that ‖Ta‖ = ‖a‖∞.
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4 a) Let X be a normed space. Prove that the identity operator I : X → X, Ix = x
is bounded and ‖I‖ = 1.

b) Let X, Y and Z be three normed spaces. Let T : X → Y and S : Y → Z be two
bounded operators. Prove that the composition S ◦ T : X → Z is a bounded
operator as well, and

‖S ◦ T‖ ≤ ‖S‖ · ‖T‖ .
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