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Exercise set 4

Justify all the steps in your answers.

1 a) Let (X, 〈·, ·〉) be an inner product space and define for all x ∈ X

‖x‖ := 〈x, x〉1/2 .

Prove the positivity and homogeneity properties of ‖·‖. In other words, complete
the remaining part of the proof showing that ‖·‖ is a norm on X.

b) Prove that (l∞(R), ‖·‖∞) is a normed space, where for any bounded sequence
x = (xn) ∈ l∞(R) we define

‖x‖∞ := sup
n∈N
|xn|.

Is this norm associated with an inner product?

2 a) Recall that C[0, 1] denotes the complex vector space of all continuous functions
f : [0, 1]→ C, and that for any such function,

‖f‖∞ := sup
x∈[0,1]

|f(x)|.

Prove that (C[0, 1], ‖·‖∞) is a normed space.

b) Show that the operation 〈·, ·〉 : C[0, 1]× C[0, 1]→ C defined by

〈f, g〉 :=
∫ 1

0
f(x) g(x) dx

is an inner product.

3 Let (X, 〈·, ·〉) be an inner product space and assume that the set of non-zero vectors
S = {ei : i ∈ N} is an orthogonal family.

a) Prove that the set S must be linearly independent.

b) Assume that S is orthonormal. Let n ∈ N and let x ∈ X. Define the following
vector

y :=
n∑

i=1

〈x, ei〉 ei.

Prove that (x− y) ⊥ y.
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4 Let (X, 〈·, ·〉) be an inner product space.

a) Prove that if x1, x2, y ∈ X are such that x1 ⊥ y and x2 ⊥ y, then for all scalars
λ1, λ2, µ we have

(λ1x1 + λ2x2) ⊥ µ y .

b) Let Y be a subspace of X and define its orthogonal complement

Y ⊥ := {x ∈ X : x ⊥ y for all y ∈ Y }.

Prove that Y ⊥ is a subspace of X as well, and that

Y ∩ Y ⊥ = {0}.

5 Let (X, 〈·, ·〉) be an inner product space.

Let Y be a subspace ofX and assume that Y has a finite orthonormal basis {e1, . . . , ek}
(meaning a basis which is also an orthonormal family).

a) Prove that if x ∈ X is a vector so that x ⊥ e1, . . . , x ⊥ ek then x ∈ Y ⊥.

b) Prove that every vector x ∈ X can be written in a unique way as

x = y + y⊥,

where y ∈ Y and y⊥ ∈ Y ⊥.
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