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Exercise set 2

Justify all the steps in your answers.

1 Let (xn) be a sequence of real numbers and let x ∈ R. Prove that if

|xn − x| → 0 as n→∞,

then xn → x.

2 Explain why closed intervals are closed sets in R. Then prove the following properties:

a) ∅ and R are closed sets.

b) If F1, . . . , Fn are closed sets, then F1 ∪ . . . ∪ Fn is a closed set.

c) If Fj is a closed set for each index j ∈ J , then ∩j∈J Fj is a closed set.

Finally, give an example of an infinite collection of closed sets whose union is not
closed.

3 Let A ⊂ R and let x ∈ R. Prove that the following statements are equivalent:

a) x ∈
◦
A

b) There is ε > 0 such that (x− ε, x+ ε) ⊂ A.

c) For every sequence of real number (xn) with xn → x, there is N ∈ N such that
xn ∈ A for all n ≥ N .

4 Let A ⊂ R and let x ∈ R. Prove that the following statements are equivalent:

a) x ∈ ∂A

b) For every ε > 0, (x− ε, x+ ε) ∩A 6= ∅ and (x− ε, x+ ε) ∩Ac 6= ∅.
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5 Let (V,+, ·) be a vector space.

a) Prove that the additive inverse is unique (meaning that each vector v has only
one additive inverse, which we denote by −v).

b) Prove that for every vector v ∈ V we have (−1) · v = −v.

c) Prove that for every vector v ∈ V we have v + v = 2 · v.

6 Let V be a vector space over F.
a) Prove that the intersection of a collection of subspaces of V is a subspace of V .

b) Let S ⊂ V be a nonempty subset. Prove that

span(S) = {λ1 v1 + . . .+ λn vn : v1, . . . , vn ∈ S and λ1, . . . , λn ∈ F}.
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