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Justify all the steps in your answers.

Prove that the equation

has no solutions in Q.

a) Suppose that A and B are subsets of a set X. Show that

(AUB) = A°NB°
(A7) =4

where E¢ := X \ F denotes the complement of a set £ C X in X.
b) Let f: X — Y be a function and let C, D C Y. Prove that
fHCuD) = fHC)u (D)

where

fHE) ={zeX: f(z) € E}
is the pre-image of aset E C Y.

a) Let A C R be a bounded set. Prove the following:

infA<supA
inf A = —sup(—A).
b) Let A and B be two sets of real numbers, both of them bounded from below.

Prove that if A C B then
inf A > inf B.
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Exercise set 1

For any two real numbers x and y define the distance between them by
d(z,y) = [z —yl.
Prove that for all z,y, z € R, the following hold:
a) d(z,y) > 0and d(z,y) =0iff z = y.
b) d(z,y) = d(y, ).
c) d(z,z) < d(x,y) + d(y, 2)-

Let (x,,) and (y,) be sequences in R. Prove the following:
a) limsup(—x,) = —liminf z,,.
b) liminf(—z,) = —limsup zy,.
¢) liminf(z, + y,) > liminf z,, 4+ liminf y,,.

d) limsup(z, + yn) < limsup x,, + lim sup ys,.

@ a) Prove that if (z,,) is a Cauchy sequence of real numbers, then (z,,) is bounded.

b) Prove that if (z,,) is monotone decreasing and bounded from below, then (x,) is
convergent.
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