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Exercise set 8

Please justify your answers! The most important part is how you arrive at an answer, not
the answer itself.

1 Define a metric d on R by

d(x, y) = 1
π
|arctan(x)− arctan y|.

Remark. The fact that this is a metric should follow from the generalization you
made in the last question on problem set 7.

a) Show that the open unit ball in (R, d) is closed

b) Show that (R, d) is not complete.

2 Let (X, d) be a metric space.

a) Prove that the reverse triangle inequality

|d(x, y)− d(x, z)| ≤ d(y, z)

holds for all x, y, z ∈ X.
Remark. This shows that if x ∈ X, then the function f : X → R defined by
f(y) = d(x, y) is Lipschitz.

Suppose that (xn)n∈N and (yn)n∈N are Cauchy sequences in (X, d)
b) Show that the sequence (d(xn, yn))n∈N is Cauchy in (R, |·|).

c) Show that the “woven” sequence (zn)n∈N defined by

zn =
{
xn n is odd
yn n is even.

is Cauchy if d(xn, yn)→ 0.

3 Suppose that (X, dX), (Y, dY ), (Z, dZ) are metric spaces and that we have functions
f : X → Y and g : Y → Z. Show the following assertions:

a) If f is uniformly continuous, and g is uniformly continuous on f(X), then g ◦ f
is uniformly continuous.
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b) If f is Lipschitz with constant K, and g is Lipschitz on f(X) with constant L,
then g ◦ f is Lipschitz with constant KL.

4 Define f : R→ R by

f(x) =
{
x sin(1/x) x 6= 0
0 x = 0.

Show that:
a) f is continuous.

b) f is differentiable, except at x = 0.

c) f is not Lipschitz.

d) (Bonus!) f is uniformly continuous
You can use the following theorems for d):
Theorem (Uniform continuity). Every continuous function defined on a compact
metric space is uniformly continuous.
Theorem (Heine–Borel / Bolzano–Weierstrass). A subset of Rn is compact if
and only if it is closed and bounded.
(If you want to, you can try to prove the uniform continuity theorem. It is not
particularly difficult, and is a good exercise in using compactness.)
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