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Exercise set 7

Please justify your answers! The most important part is how you arrive at an answer, not
the answer itself.

1 Let X = C([0, 1]) be the (vector) space of continuous functions f : [0, 1] → R, and
define maps d1, d∞ : X ×X → R by

d1(f, g) =
∫ 1

0
|f(t)− g(t)| dt, d∞(f, g) = max

t∈[0,1]
|f(t)− g(t)|.

a) Show that (X, d1) is a metric space and describe its unit ball B1(0). Give an
example of a function in the unit ball.

b) Show that d1(f, g) ≤ d∞(f, g) for all f, g ∈ X.

c) Does there exist a constant K such that

d∞(f, g) ≤ Kd1(f, g)

for all f, g ∈ X?

Remark. When we just say the word space, we mean that the set has some implied
extra structure. This typically means at least vector space structure (which a metric
space need not have!). While the vector space structure is not important in this
problem, it is uncommon to refer to C([0, 1]) as “just” a set.

2 Let Y = C1([0, 1]) be the space of continously differentiable functions f : [0, 1]→ R,
and define d : X ×X → R by

d(f, g) = max
t∈[0,1]

|f(t)− g(t)|+ max
t∈[0,1]

|f ′(t)− g′(t)|.

a) Show that (Y, d) is a metric space.

b) (Bonus!) We can view Y as a subspace of the space X from question 1 (in the
vector space sense). Is Y a closed1 set in the metric space (X, d∞)?

1If we have a “sane” metric (one that comes from a so-called norm) on a vector space, which d∞ on X is
an example of, every finite dimensional subspace will be closed. This question shows that this is not always
the case for infinite-dimensional subspaces. They can be either closed or not closed. No proper subspace
can be open.
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3 Let X be a non-empty set and d the discrete metric on X. The distance between
two points x and y in X is 0 if x = y and 1 otherwise.

a) Describe all open sets in (X, d).

b) Show that the boundary ∂U of any set U ⊆ X is empty. What are then the
closed sets in (X, d)?

4 Let `1 be the space of sequences (xk)k∈N in R satisfying
∑

k∈N|xk| <∞, and `∞ be
the space of those satisfying supk∈N |xk| <∞.

a) Show that `1 becomes a metric space if we define d : `1 × `1 → R by

d(x, y) =
∞∑

k=1
|xk − yk|,

where x = (xk)k∈N and y = (yk)k∈N.
(When we say that `1 is a metric space, we really mean the pair (`1, d).)

b) Show that `1 ⊆ `∞, and that this inclusion is strict (meaning `1 ( `∞).

5 Let R be the set of real numbers and define d : R× R→ R by d(x, y) = |ex − ey|.
a) Show that (R, d) is a metric space.

b) What are the properties of the exponential function that allows one to deduce
that d is a metric? Formulate a generalization of the metric d based on this
observation.
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