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EXERCISE SET 9

Exercise sets are to be handed in individually by each student using the OVSYS
system. Each set will be graded (godkjent / ikke godkjent). To get an exercise set
approved you are required to have solved correctly at least 70% (providing detailed
arguments/computations).

To be admitted to the exam in December (15/12/), you must have at least 4+4 set
out of the 12 assignments approved. At least 4 of the approved exercises sets must
be from the first 6 sets, and at least 4 must be from the last 6 exercise sets.

You are asked to pay attention to the quality of presentation, in particular, the cor-

rectness of mathematical notation and formalism.

Exercise 1. Let Py and P» be two posets on the sets X and Y, respectively. Consider the Cartesian
product A = X x Y. The lexicographical order P on A is defined as follows: (x,y)P(z',y’) if
and only if xP1x’ or (x = 2') A (yPoy'). Show that P defines a poset on A.

Exercise 2. Problems 9.9 and 9.11 on page 110 in Antonsen’s textbook (Springer edition).
Note: it will be helpful to read the corresponding section in Antonsen’s textbook.

Exercise 3. Problems 15.3, 15.5 on page 177 and problem 15.15 on page 178 in Antonsen’s textbook
(Springer edition).
Note: it will be helpful to read the corresponding section in Antonsen’s textbook.

Exercise 4. Problem 12.3 on page 131 in the Lewis—Zax’s textbook.

12.3. Consider the formula
AxIy3z(P(x, y) A P(z,¥) A P(x,2) A —P(z,x)).

Under each of these interpretations, is this formula true? In each case, R is the
relation corresponding to P.

(@) U=N,R={{x,y):x<y}.

(b) U=N,R={{x,x+1):x>0}.

(c) U= thesetofall bit strings, R={(x,y):x is lexicographically earlier

than y}.
(d) U= the set of all bit strings, R={(x, y}: y=x0 or y =x1}.
(e) U=P(N),R={(A,B):ACB}.

Note: it will be helpful to read the corresponding section in the Lewis—Zax’s textbook.
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Exercise 5. Recall thatn!=1-2-----(n—1)-n. Clearly, n! =0 (mod n) because we multiply
with n on the left side. Now we will look into what happens with (n — 1)! and (n — 2)! modulo n.

i) Compute (n —1)! (mod n) forn =3,4,5,6,7,8. Comment on what you observe.
i) Letn=a-bwithl <a<b<n. What is (n — 1)! (mod n), and why is it always this?

)

iii) Let n = p? and p > 2 be a prime. What is (n —1)! (mod n), and why is it always this?

iv) Let p be prime, then we get (p —1)! = (p—1) = —1 (mod p). What is (p — 2)! (mod p)?
)

Use the results above to compute 14! (mod 17) and 15! (mod 17) and 16! (mod 17).

1v

v

What we have discovered in this exercise is called Wilson’s theorem.

Exercise 6. Use Fermat’s factorization method to factor n = 98587. Let (n,e) = (98587,7) be the
public key of the RSA cryptosystem and let ¢ = 41903 be a ciphertext. Find the plaintext m.
Exercise 7. Consider the statement

S[=(=(r = y) V(s = 2) V(z = y)].
Write it in: 1) CNF and i) DNF.
Exercise 8. Consider the function f and show that it is surjective if and only if the following

holds: for every two functions fi and fo with domain of fi equal to the domain of fo equal to the
codomain of f, the following right cancellation is satisfied: if f1f = fof then fi = fa.

Exercise 9. Consider two equivalence relations, R and S, on the set X. Show that Ro S is an
equivalence relation if and only if RoS =50 R.

Exercise 10. We consider two functions o and S both with domain and codomain being the non-
empty set A. Suppose that the following identities hold: i) « = foao« and i) B = aofoa. Show
that o and B are equal.
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