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DISCRETE MATHEMATICS

NTNU, H2022

Exercise Set 8

Exercise sets are to be handed in individually by each student using the OVSYS

system. Each set will be graded (godkjent / ikke godkjent). To get an exercise set

approved you are required to have solved correctly at least 70% (providing detailed

arguments/computations).

To be admitted to the exam in December (15/12/), you must have at least 4+4 set

out of the 12 assignments approved. At least 4 of the approved exercises sets must

be from the first 6 sets, and at least 4 must be from the last 6 exercise sets.

You are asked to pay attention to the quality of presentation, in particular, the cor-

rectness of mathematical notation and formalism.

Exercise 1. i) Use induction to prove that 6n − 1 is divisible by 5 for all natural numbers n.

ii) Use induction to prove that for n ≥ 1 the following equality holds:
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n + 1
,

Exercise 2. i) Use a truth table to show that (a∧b)→ c is logically equivalent to (a→ c)∨(b→ c).

ii) Use the laws of logic to show that ¬(a ∨ b) ∨ (¬a ∧ b) is logically equivalent to ¬a.

Exercise 3. • We define a cycle in a relation R on the set A as a sequence of k distinct elements

a1, a2, . . . , ak in A such that (ai, ai+1) ∈ R, for i ∈ {1, . . . , k − 1}, as well as (ak−1, a1) ∈ R. A

non-trivial cycle has more than one element.

i) Use induction to show that there are no non-trivial cycles in any transitive and antisymmetric

relation R.

• In one of the lectures, we have seen how directed graphs (digraphs) can be used to represent a

relation R ⊆ A×A: write down every element of A and for every pair (a1, a2) in R draw an arrow

from the initial vertex a1 to the terminal vertex a2.

For a poset, i.e., a partial order P on the set A (of finite size), the Hasse diagram HP is a

streamlined diagrammatical representation. Here are the rules for its construction. Consider three

elements a1, a2, a3 such that a1Ra2 and a2Ra3 and a1Ra3. Transitivity of P implies that a1Ra3

can be inferred from a1Ra2 and a2Ra3. Thus we omit from the diagram HP any arrows that can

be inferred via transitivity. We omit also self-loops, as they can be inferred from reflexivity of P .

As P is transitive and antisymmetric, we deduce from item i) above that the diagram representing

a poset P can not have any non-trivial cycles. Finally, we suppose that related elements, aRb, are
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connected by an edge from a upwards to b, that is, the element a is put below the element b and

then an edge is connecting them. This permits to replace directed edges by undirected ones, i.e., we

drop the arrow heads from edges.

As examples, we consider the Hasse diagrams of the:

– poset formed by the divisors of 36 ordered by ’m divides n’

36

12 18

64 9

2 3

1

– poset P (A) formed for the set A = {a, b, c}, ordered by subset inclusion.

{a, b, c}

{b, c} {a, c} {a, b}

{c} {b} {a}

∅

ii) Write the poset P corresponding to the following Hasse diagram in set form.

4

3

1 2
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iii) Complete the Hasse diagram HP corresponding to the poset P in item ii) to the digraph

representing the relation.

• Recall the inductively defined set Σ∗ =
⋃

k≥0{0, 1}k of bit-strings, where {0, 1}k is the k-fold

Cartesian product, i.e., the set of strings/words in elements from the alphabet Σ = {0, 1} with k

letters ({0, 1}0 = ∅). We write |x| for the length of the bit-string x ∈ Σ∗, e.g., |0| = |1| = 1,

|11| = 2, and |x| = k, for x ∈ {0, 1}k.

A bit-string x ∈ {0, 1}k is a prefix of the bit-string y ∈ {0, 1}n, for n ≥ k, if y equals x with

some extra bits added on at the end, i.e., y = xu, u ∈ Σ∗. For example, bit-strings x1 = 01

and x2 = 0110 are both prefixes of the bit-string y = 01101010, i.e., y = x1101010 respectively

y = x21010. However, neither 1 nor 0111 are prefixes of 01101010.

iv) Consider the set of bit-strings of length at most three:

A3 := {0, 1} ∪ {0, 1}2 ∪ {0, 1}3

and the following relation P defined on it: two bit-strings x, y in A3 are related, that is, xPy (or

(x, y) ∈ P ), if and only if x is a prefix of y. Write out P ⊆ A3 × A3 and verify that is a partial

order. Then draw its Hasse diagram HP .

Exercise 4. • A multiset is an unordered collection in which elements can occur arbitrarily often.

The number of occurrences of an element in a multiset is called its multiplicity. For classical sets

this multiplicity is always one. For example, in the multiset {a, a, b, c, c, c, d}, the elements a, b, c,

and d have multiplicities 2, 1, 3, 1, respectively. In this sense, we can define a multiset as a function

with range N, by specifying the multiplicity of each of its elements, that is, given a set A a multiset

M over A is any function fM : A→ N. If fM (a) = k > 0, then we say that the element a appears

with multiplicity k in the multiset M .

i) Given a multiset M over A. We assume that M is a finite multiset, i.e., fM (a) > 0 for

only finitely many a ∈ A. What is the cardinality |M |?

• We consider a set A = {a1, . . . , an} of size |A| = n > 0 and ask the following question: How

many multisets of size r can be chosen from A?

ii) Write a complete list of multisets of size three, that can be made from the set A = {1, 2, 3, 4}.

We will later prove that for a given a set A of size |A| = m > 0 the number of multisets of size

n > 0 is

(1)
(m + n− 1)!

n!(m− 1)!
.

iii) Check formula (1) explicitly, i.e., by writing complete lists of multisets, for the set A =

{a, b, c, d, e} and multisets of cardinalities n = 1, 2, 3.

• Consider multisets M1 and M2.

The union M1∪M2 is defined as the multiset where the multiplicity of an element is the maximum

of its multiplicities in M1 and M2.

The intersection M1 ∩M2 is defined as the multiset where the multiplicity of an element is the

minimum of its multiplicities in M1 and M2.
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The difference M1 −M2 is defined as the multiset where the multiplicity of an element is the

multiplicity of the element in M1 minus its multiplicity in M2. Note: if this difference is negative,

then the multiplicity is zero.

The sum M1 + M2 is defined as the multiset where the multiplicity of an element is the sum of

multiplicities in M1 and M2.

iv) Let M1 = {a, a, a, b, b, c} and M2 = {a, a, b, b, b, d, d, d, d}. Compute the union, intersection,

sum, and differences of these two multisets.

Exercise 5. Let A1 = {{a, c, e, g, i}, {b, d, f, h}} and A2 = {{a, b, c, d}, {e, g}, {f, h, i}} be two

partitions of the set A = {a, b, c, d, e, f, g, h, i}. Compute the set A3 consisting of all intersections

between the blocks of A1 and A2, excluding the empty set. Show that A3 forms a set partition of A.

Exercise 6. Translate the following expressions into English (or Norwegian) and determine which

of them are true statements (for numbers in R):

(1) ¬∃a∀y(I(y)→ a > y), I(a): a is an integer.

(2) ∀a∀y(a > y → ∃z(a > z ∧ z > y)

(3) ∀a(I(a)→ ∃y(I(y) ∧ (a < y))), I(a): a is an integer.

Note: I(x) is an open statement; it is true if x is an integer and false else.

Exercise 7. Translate the following phrases into statements (for numbers in R):

(1) There are infinitely many primes1.

(2) Not every real number is greater than an integer.

(3) Every even integer greater than 2 is the sum of two primes2.

(4) No integer is both even and odd.

Recall that a prime number is an integer number greater than 1 that can only be divided by 1 and

itself. The first few prime numbers are 2, 3, 5, 7, 11, 13, 17, 19, 23, . . ..

Recall that I(x) is an open statement; it is true if x is an integer and false else.

Exercise 8. We define a:

Literal: a propositional variable or its negation.

Elementary disjunction (resp. conjunction): any literal or a disjunction (resp. conjunction)

of two or more literals, e.g., p, ¬q, p ∨ ¬q, p ∨ ¬p ∨ q ∨ ¬r (p, ¬q, ¬p ∧ q, ¬p ∧ q ∧ ¬r ∧ ¬p).

Disjunctive Normal Form (DNF): any elementary conjunction or a disjunction of two or more

elementary conjunctions, e.g., p, ¬q, p∧¬q, p∨¬q, (p∧¬p)∨¬q, (r∧ q∧¬p)∨ (¬q∧ p)∨ (¬r∧ p).

Conjunctive normal form (CNF): any elementary disjunction or a conjunction of two or more

elementary disjunctions, e.g., p, ¬q, p ∧ ¬q, p ∨ ¬q, p ∧ (¬p ∨ ¬q), (r ∨ q ∨ ¬r) ∧ ¬q ∧ (¬p ∨ r).

Theorem: Every propositional formula is equivalent to a DNF and to a CNF.

Method: 1) Replace P → Q and P ↔ Q by ¬P ∨Q resp. (¬P ∨Q) ∧ (¬Q ∨ P ).

2) Use laws of logic to move all negations in front of propositional variables.

3) DNF: use distributive law to move all conjunctions over disjunctions.

4) CNF: use distributive law to move all disjunctions over conjunctions.

5) Use laws of logic (commutativity, associativity and idempotency, ...) to simplify the formulas.

1Hint: this is equivalent to saying that for every natural number there is a greater prime.
2This is known as Goldbach’s conjecture.
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Consider the following statement

(p ∧ ¬r)→ (p↔ ¬q)

i) Transform it to disjunctive normal form (DNF).

ii) Transform it to conjunctive normal form (CNF).

Exercise 9. Consider the following formula:[
∀a∃b (a 6= b)∧Q(a, b)

]
∧
[
∀a∀b

(
(a 6= b)→ (Q(a, b)↔ ¬Q(b, a))

)]
∧
[
∀a∀b∀c

(
¬
(
Q(a, b)∧Q(b, c)

)
∨Q(a, c)

)]
.

Show that it is satisfiable but has no finite model.

Exercise 10. Solve the two following problems:

i) Find all solutions x (modulo the product of the moduli in the system) to the following set

of equations:

2x + 2 ≡ 4 (mod 5)

3x + 2 ≡ 3 (mod 4)

x + 2 ≡ 1 (mod 3)

ii) Decide when Euler’s ϕ function is odd and when it is even for n ≥ 1 and give reason for

your answer. For which values of n do we have that 2r|ϕ(n) for positive integers r?
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