TMA4140
DISCRETE MATHEMATICS
NTNU, H2022

EXERCISE SET 6

Exercise sets are to be handed in individually by each student using the OVSYS
system. Each set will be graded (godkjent / ikke godkjent). To get an exercise set
approved you are required to have solved correctly at least 70% (providing detailed
arguments/computations).

To be admitted to the exam in December (15/12/), you must have at least 4+4 set
out of the 12 assignments approved. At least 4 of the approved exercises sets must
be from the first 6 sets, and at least 4 must be from the last 6 exercise sets.

You are asked to pay attention to the quality of presentation, in particular, the cor-
rectness of mathematical notation and formalism.

Exercise 1. Use the sieve of Eratosthenes to give a list of all primes between 1 and 25.

Exercise 2. For each pair of a and b below, decide if b is a divisor of a or not, find q and r so
thata=b-q+r and 0 <r < b. Decide if a or b are prime.

(1) a =858, b=19

(2) a=1713,b=173

(3) a =12131427, b = 551

Hint: The previous exercise might help.

Exercise 3. Consider the function f : N — 7Z defined recursively such that f(0) = 30 and f(n) =
(fin—=1)+3)(f(n—1)4+2) for n > 0. Use induction to prove that f(x) is always divisible by 6.

Exercise 4. For each pair of a and b below. Find ged(a,b). Find lem(a,b). Decide if a and b are
relatively prime or not.

(1) a =321, b=123
(2) a = 5928, b = 442
(3) a = 1234, b= 4321
(4) a = 8732, b = 2738
(5) a = 9843, b = 4398

Exercise 5. Decide if the following equations have integer solutions or not.
(1) 4342 + 357y =11
(2) 124z 4 421y = 67
(3) 598z + 48y = 26
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Exercise 6. Use the extended euclidean algorithm to find all the integer solutions to the following
equations.

(1) 249z + 427y =1

(2) 187x + 264y = 121

(3) 288x + 729y = 27

Exercise 7. Compute the following inverses (mod m).
(1) 77! (mod 11)
(2) 737! (mod 291)
(3) 117! (mod 323)

Exercise 8. Compute the following exponents (mod m).
(1) 3246 (mod 7)
(2) 4313 (mod 13)
(3) 9% (mod 11)

Exercise 9. Describe an efficient algorithm for computing a® (mod p) for arbitrary integers a and

e and prime p. Write your answer in pseudocode or python.

Exercise 10. Let m be a positive integer. A partition of m is a multiset (set that can have repeated
elements) of positive integers, P = {p1,...,ps}, whose sum is p1 + --- + ps = m. Note that each
positive integer has finitely many integer partitions. We can order such integer partitions of m as
follows: P; < Pj if we can get P; from P; by splitting apart some of the elements. For example,
{2,2,1} < {4,1} since 2+ 2 =4 and 1 = 1. Draw the Hasse diagram of the partially ordered set of

integer partitions of m = 5.

Exercise 11. Consider the function F(z) := (z + 1)(515) with domain R — {1} and codomain
R — {1}. Calculate (F o F)(z) and draw a conclusion.
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