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Exercise Set 4

Exercise sets are to be handed in individually by each student using the OVSYS

system. Each set will be graded (godkjent / ikke godkjent). To get an exercise set

approved you are required to have solved correctly at least 70% (providing detailed

arguments/computations).

To be admitted to the exam in December (15/12/), you must have at least 4+4 set

out of the 12 assignments approved. At least 4 of the approved exercises sets must

be from the first 6 sets, and at least 4 must be from the last 6 exercise sets.

You are asked to pay attention to the quality of presentation, in particular, the cor-

rectness of mathematical notation and formalism.

Exercise 1. (1) Let

X1 := {n ∈ N | n is a multiple of 6}

and

X2 := {n ∈ N | n is a multiple of 2 and n is a multiple of 3}.

Are the two sets equal? Justify your answer in full detail.

(2) Consider subsets Xi, i = 1, 2, 3, 4 of the universe X. Use the laws of set theory to simplify

the expression

[X2 ∩ ([X3 ∩X4] ∪ [X3 ∩ X̄4])] ∪ (X1 ∩X2).

Exercise 2. Consider two sets Xi, i = 1, 2, a function ψ : X1 → X2 and two subsets Yj ⊆ X1,

j = 1, 2.

i) Show that the image of Y1 ∪ Y2 under ψ equals the union of ψ[Y1] and ψ[Y2].

ii) Show that ψ[Y1 ∩ Y2] is a subset of the intersection of the images of Y1 and Y2. Find a

counterexample showing that equality is not always true.

Exercise 3. Consider three sets Xi, i = 1, 2, 3, and two functions ψ1 : X1 → X2 and ψ2 : X2 → X3.

Verify the following statements or find counterexamples:

(1) If ψ1 and ψ2 are both injective, then ψ2 ◦ ψ1 is injective.

(2) If ψ1 and ψ2 are both surjective, then ψ2 ◦ ψ1 is surjective.

(3) If ψ1 and ψ2 are both bijective, then ψ2 ◦ ψ1 is bijective.

(4) If ψ1 is injective and ψ2 is surjective, then ψ2 ◦ ψ1 is bijective.

(5) If ψ2 ◦ ψ1 surjective, then ψ1 is surjective.

(6) If ψ2 is injective, then ψ2 ◦ ψ1 is injective.
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(7) If ψ2 is not injective, then ψ2 ◦ ψ1 is not injective.

Exercise 4. Consider a function β from set X1 to set X2. Suppose that X1 = A1 ∪ A2 with A1

and A2 being disjoint. Prove or disprove the following claim: If the restrictions β �Ai, i = 1, 2, are

injective, then β is injective.

Exercise 5. For n a positive integer, we consider sets [n] = {1, 2, 3, . . . , n}. A monotone increasing

function τ : [n1] → [n2] is defined as follows: if 0 < i < j ≤ n1, then τ(i) ≤ τ(j). How many

monotone increasing functions are there from [4] to [3].

Exercise 6. We define the floor and ceiling of a number x ∈ R as follows:

– the floor of x, denoted bxc, is the unique largest integer that is less than or equal to x.

– the ceiling of x, denoted dxe, is the unique smallest integer that is larger or equal to x.

Hence, the floor and ceiling of a real number are the integers to the immediate left respectively right

of that number. If the number is itself an integer, then its floor and ceiling coincide and are equal

to the number itself, i.e., for n ∈ Z, we have bnc = dne = n.

(1) Find the floor and ceiling of: i) 25/4 ii) 0.999 iii) −2.01.

(2) Is it true that for any real numbers xi, i = 1, 2, we have

bx1 + x2c = bx1c+ bx2c?

Justify your answer.

(3) Is it true that for any real number x and any integer n we have

bx+ nc = bxc+ n?

Justify your answer.

Exercise 7. i) Show that the function ρ(t) = 4t − 1 defines a bijection on the real numbers and

determine its inverse.

ii) What can you say about the function ρ(n) = 4n − 1 defined on the integer, is it a bijection?

Justify your answer.

Exercise 8. Consider an injective and surjective function α : X1 → X2. What can you say about

the inverse function α−1 : X2 → X1, is it injective and surjective? Justify your answer in full

detail.

Exercise 9. Consider the following recursive definition: for n ∈ N+

δ(n) =


1 n = 1

1 + δ(n/2) n even

δ(3n− 1) n > 1 odd

Compute δ(i), i = 1, 2, 3, 4, 5 and conclude.

Exercise 10. Consider the function γ from the positive integers to the integers defined recursively

as follows: for n ∈ N+

γ(n) =

n− 10 n > 100

γ ◦ γ(n+ 11) n < 101.



TMA4140 DISCRETE MATHEMATICS NTNU, H2022 3

Find the values of γ(90 + n), for n = 1, . . . , 11. Compute γ(86). What is your observation? Make

a claim about the function γ.
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