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Exercise Set 12

Exercise sets are to be handed in individually by each student using the OVSYS

system. Each set will be graded (godkjent / ikke godkjent). To get an exercise set

approved you are required to have solved correctly at least 70% (providing detailed

arguments/computations).

To be admitted to the exam in December (15/12/), you must have at least 4+4 set

out of the 12 assignments approved. At least 4 of the approved exercises sets must

be from the first 6 sets, and at least 4 must be from the last 6 exercise sets.

You are asked to pay attention to the quality of presentation, in particular, the cor-

rectness of mathematical notation and formalism.

Exercise 1. In Set 11, the relation between the Narayana and the Catalan numbers was mentioned:

(1)

n∏
k=2

n+ k

k
= Cn =

n∑
k=1

N(n, k).

Recall that Cn = 1
n+1

(
2n
n

)
. Do you see why the first equality in (1) holds? We would like to now

prove the second equality.

i) First Show that (
n

k

)2

−
(

n

k − 1

)(
n

k + 1

)
=

(
n

k

)2 n+ 1

(k + 1)(n+ 1− k)
.

Next, show that

N(n+ 1, k + 1) =

(
n

k

)2 n+ 1

(k + 1)(n+ 1− k)
.

We conclude with the identity

(2) N(n+ 1, k + 1) =

(
n

k

)2

−
(

n

k − 1

)(
n

k + 1

)
.

Now, we need two identities that are very similar:

(3)

n∑
k=0

(
n

k

)2

=

(
2n

n

)
.

and

(4)
n∑

k=0

(
n

k

)(
n

k − 2

)
=

n∑
k=2

(
n

k

)(
n

k − 2

)
=

(
2n

n+ 2

)
.
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Hint: Recall that by definition
(
n
−1

)
=

(
n
−2

)
= 0. Then compute the coefficient of xn in (1 + x)2n

and use the Binomial theorem to conclude in both cases.

We are now ready to derive the second equality (1) starting from identity (2) and using identities

(3) and (4).

Exercise 2. The Lucas numbers are defined recursively

L0 = 2, L1 = 1, and Ln = Ln−1 + Ln−2 for n > 1.

i) Write down the first eight Lucas numbers.

ii) Use induction to show that for n > 0:
∑n

i=1 iLi = 4− Ln+3 + nLn+2.

Exercise 3. Problem 18.10 on page 214 in Antonsen’s textbook (Universitetsforlaget edition).

Exercise 4. Problem 19.11 on page 222 in Antonsen’s textbook (Universitetsforlaget edition).

Exercise 5. Justify your answer for each of the following scenarios:

i) In how many ways can two different numbers be chosen from {1, 2, 3, ..., 50} such that their

sum is an even number?

ii) In how many ways can 8 distinct bookers be distributed amongst 3 students (A, B, and C)

such that A has 4 books, and B and C have 2 books each?

Exercise 6. i) How many binary strings of length 20 exist such that the string contain 6 ones and

14 zeros, and every 1 is followed by a minimum of 2 zeros?

ii) How many ways can you distribute 17 identical objects in four identical boxes, such that each

box contains a minimum of 3 objects?

Exercise 7. Problem 21.5 on page 241 in Antonsen’s textbook (Universitetsforlaget edition).

Exercise 8. Problem 22.2 on page 251 in Antonsen’s textbook (Universitetsforlaget edition).

Exercise 9. a) Determine if the two graphs in the below figure are isomorphic or not. Justify your

answer.

b) Determine if the following graph has a Hamilton cycle. Justify your answer.
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Exercise 10. Let the simple undirected graph G with the nodes {a1, a2, a3, ..., a8} be given by the

adjacency matrix (with the nodes in the given order):

0 1 1 0 0 0 1 1

1 0 1 1 0 0 0 1

1 1 0 1 1 0 0 0

0 1 1 0 1 1 0 0

0 0 1 1 0 1 1 0

0 0 0 1 1 0 1 1

1 0 0 0 1 1 0 1

1 1 0 0 0 1 1 0


and let the simple undirected graph G′ with nodes {b1, b2, b3, ..., b8} given by the adjacency matrix

(with the nodes in the given order):

0 1 0 1 0 1 0 1

1 0 1 0 1 0 1 0

0 1 0 1 0 1 0 1

1 0 1 0 1 0 1 0

0 1 0 1 0 1 0 1

1 0 1 0 1 0 1 0

0 1 0 1 0 1 0 1

1 0 1 0 1 0 1 0


Determine whether G and G′ are isomorphic or not. Justify your answer.
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