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Exercise Set 10

Exercise sets are to be handed in individually by each student using the OVSYS

system. Each set will be graded (godkjent / ikke godkjent). To get an exercise set

approved you are required to have solved correctly at least 70% (providing detailed

arguments/computations).

To be admitted to the exam in December (15/12/), you must have at least 4+4 set

out of the 12 assignments approved. At least 4 of the approved exercises sets must

be from the first 6 sets, and at least 4 must be from the last 6 exercise sets.

You are asked to pay attention to the quality of presentation, in particular, the cor-

rectness of mathematical notation and formalism.

Exercise 1. Recall the definition of Boolean algebra B be a Boolean algebra (B , + , · , , 0 , 1):

B is a set, +, · are binary operations on B, is a unary operation on B and 0, 1 are elements of

B, subject to the following axioms:

Commutativity of addition: (∀x, y ∈ B)(x+ y = y + x)

Commutativity of multiplication: (∀x, y ∈ B)(x · y = y · x)

Distributivity of multiplication over addition: (∀x, y, z ∈ B)(x · (y + z) = x · y + x · z)
Distributivity of addition over multiplication: (∀x, y, z ∈ B)(x+ y · z = (x+ y) · (x+ z))

Identity axioms: (∀x ∈ B)(x+ 0 = x and x · 1 = x)

Complement axioms: (∀x ∈ B)(x+ x = 1 and x · x = 0)

Consider arbitrary elements x, y, z, u ∈ B.

i) Consider the expression: (x̄ȳz̄)z + (x̄ȳz̄) + u and simplify it using Boolean algebra. Provide

all steps.

ii) Prove that x · ȳ = 0 if and only if x · y = x. Provide all steps.

iii) Prove the absorption law: x+ xy = x and x · (x+ y) = x. Provide all steps.

Exercise 2. Use the trigonometrical addition formulas:

1) cos(a+ b) = cos(a) cos(b)− sin(a) sin(b) and 2) sin(a+ b) = sin(a) cos(b) + cos(a) sin(b)

to prove via induction that for n a positive integer we have the identity(
cos(c) + i sin(c)

)n
= cos(nc) + i sin(nc).

Here, i is the so-called imaginary unit, and you should use that i2 = −1.
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Exercise 3. Recall that:

– A truth assignment is an assignment of the values true and false to each of the propositional

variables of a formula.

– A truth assignment that makes a formula true is said to satisfy the formula.

– A formula is satisfiable if at least one truth assignment satisfies it, and a tautology if every

truth assignment satisfies it. It is unsatisfiable if no truth assignment satisfies it.

– Different formulas are equivalent if they have the same truth value for every truth assignment.

– A literal is a propositional variable or its negation.

– A disjunction of several formulas is the formula that results from connecting them with ∨s.

– A conjunction of several formulas is the formula that results from connecting them with ∧s.

– Two standard ways of writing formulas are conjunctive normal form (CNF), also called

and-of-ors form, or a conjunction of disjunctions; and disjunctive normal form (DNF),

also called or-of-ands form, or a disjunction of conjunctions.

– A disjunction in a CNF formula, or a conjunction in a DNF formula, is called a clause.

– A CNF formula is true just in case at least one literal from each clause is true. A DNF formula

is true just in case there is at least one clause in which each literal is true.

This problem introduces resolution theorem-proving. (Problem 10.9 on page 109 in Lewis–Zax’s

textbook.)

i) Suppose that (e1∨· · ·∨em) and (f1∨· · ·∨fn) are clauses of a formula α, which is in conjunctive

normal form (CNF), where m,n > 0 and each ei and fj is a literal. Assume that all the ei are

distinct from each other, and all the fj are distinct from each other, so the clauses are essentially

sets of literals. Suppose that em is a propositional variable p and f1 = ¬p.

Show that α is equivalent to the result of adding a new conjunct to α consisting of all the literals

in these two clauses except for p from the first and ¬p from the second. That is,

α ≡ α ∧ (e1 ∨ · · · ∨ em−1 ∨ f2 ∨ · · · ∨ fn),

or to be precise, the result of dropping any duplicate literals from this clause. The new clause is

derived from the other two by resolution, and is said to be their resolvent. To make sense of this

expression in the case m = n = 1, we must construe the empty clause containing no literals as

identically false – which makes sense since it is derived from the two clauses p ∧ ¬p. The empty

clause, in other words, is another name for the identically false proposition F . It follows that a

formula is unsatisfiable if the empty clause results from the process of forming resolvents, adding

them to the formula, and repeating.

ii) Show that the converse of part i) is true; that is, that if the process of forming resolvents

and adding them to the formula ends without producing the empty clause, then the original formula

(and all the equivalent formulas derived from it by resolution) has a satisfying truth assignment.

Hint: Let C be the formula formed by adding resolvents until no new ones are produced (why does

this process terminate?). Suppose that C is unsatisfiable, but the empty clause is not among the

clauses derived. If the original formula includes k propositional variables, p1, . . . , pk, then let Ci

be the formula consisting of just those clauses of C in which the propositional variables are among

pi, . . . , pk. (So C1 = C.) Prove by induction on i that for each i = 1, . . . , k+1, no truth assignment
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to the variables pi, . . . , pk makes Ci true. The only clause that could be false in Ck+1 is the empty

clause, a contradiction.

Note: it will be helpful to read the corresponding section in the Lewis–Zax’s textbook.

Exercise 4. Problems 12.6 and 12.12 on page 147 respectively 148 in Antonsen’s textbook (Springer

edition).

Exercise 5. Consider the language L consisting of strings from the alphabet Σ = {a, b} with length

at least three and with the third-to-last symbol being always a. For example, aaaa and bbabb are in

L, but aabaa and aa are not.

Show that no deterministic finite automaton with fewer than eight states accepts the language L.

Hint: Consider the eight strings of length three, and apply the Pigeonhole Principle. You can then

conclude that an automaton must reach the same state after reading two different strings, but that

does not quite complete the argument. (Problem 19.5 on page 198 in Lewis–Zax’s textbook.)

Note: it will be helpful to read the corresponding section in the Lewis–Zax’s textbook.

Exercise 6. a) Draw the table for the automaton A in Fig. 1.

b) Find the language L(A) accepted by the automaton A in Fig. 1.

s0start

s1 s2 s3

s4x

y

x
y

y

x

y
x

yx

The automaton A.

Exercise 7. Let s0, s1 be two states. Complete the following diagram by adding arrows: so that

s0start s1

it becomes a state diagram of the finite state machine M , which is supposed to recognise (with an

output 1) every 0 appearing in an input string x that is preceded by another 0.

Exercise 8. Read chapter 24, about Natural Deduction, in Antonsen’s textbook (Springer edition).

Solve problem 24.5 parts (a)− (d) on page 275 in Antonsen’s textbook (Springer edition).

Exercise 9. Problem 24.7 on page 275 in Antonsen’s textbook (Springer edition).

Exercise 10. Problem 24.9 on page 276 in Antonsen’s textbook (Springer edition).
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