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Problem 1 [20 points]

a) Compute Laplace transform of

t t>1.
We have
%) e st 00 e—sf
F@):/ te " dt = t—| —/ dt, s>0
1 —s 1 1 —S8
Hence ] ]
F(s)=e -+ —
(s) =e (5 * 52>

b) Use Laplace transform to find the solution of

y" 4y = 2¢, with y(0) = ¢'(0) = 0.
Apply the Laplace transform, we get

s’Y +Y =

s—1
Thus partial fraction decomposition gives

2 1 s+1

(s—1)(s2+1) s—1 2+1

Hence
y = €' — cost — sint.

c) Compute the inverse Laplace transform £7'(F)(t) of the following function

1
Fls)= ———.
(5) s2+2s+ 17
Since ]
F 5 = -———
&)= Grrre
we have

_,sin4t

f) =™
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Problem 2 [14 points]

a) Let
fle)=142z, —m<z<m.

Verify the following complex Fourier series expansion for f

n#0

We have that ¢ = 5 /™ (14 x) de = 1. Thus it is enough to show, for n # 0, we

have ¢,, = @ In fact

re e ‘W i(—l)n

1 = : 1 = .
- 1 —itnx d — / —inx d —
€ = / (1+x)e T=o_ [ we x

21 J—x —2min!-n n

b) Why is

for —-m<z<7w?

Because f is smooth, that is, f is continuously differentiable on the interval —m <
r < T.

c) Compute the Fourier transform of

Fla) = {sin(a:) 2] < 1,

0 |z] > 1.

We have

~ 1 1 .
W) = —— e "sinz dx.

fw)=—=

Notice that ’

e " = cosxw — i sin rw,

cos zwsin x is odd and sin zw sin z is even. Thus

IR 1
/ e sinxdr = 2(—1i) / sin xw sin z dzx.
-1 0
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Recall that
2sinasinb = cos(a — b) — cos(a + b).
Thus

-1 ) -1
/ e "sinxdr = (—i) / cos(zw — x) — cos(aw + ) dz,
-1 Jo

which gives

/.1 e sin 1 e = (—i) (sin(ww — ) ‘1 B sin(zw + x) )1> .
B w—1 o w+1 o

Thus

A —1 (sin(w —1 sin(w + 1

fo) (1) sinfw+ 1))
V2T w—1 w+1

Problem 3 TMA4130 Mathematics 4N: [6 points]

Solve the initial value problem for the wave equation (uy = 0%u/0t?, Uy, =
0?u/0x* mean partial derivatives)

Ut = Ugy, ’LL(:L', 0) = sin(:v), ut(x’ 0) = ex’

using d’Alembert’s solution.

We have ]
u(z,t) = i(sin(;v +t) 4 sin(z — t) + e — @),

Problem 3 TMA4135 Mathematics 4D: [6 points|

Show that the following function u(z,t) = (z — t)® + sin(z + t) satisfies the wave
equation w,, = uy (uy = 0*u/0t?, Uy, = 0*u/02* mean partial derivatives).
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A direct computation gives

Problem 4 [20 points]
Consider the following heat equation
w(z, t) = ;um(x,t), t>0, 0<z<m,
(ug = Ou/Ot, Uy, = 0*u/Ox* mean partial derivatives) with boundary conditions
u(0,t) = u(m,t) =0, t>0;
and the initial condition
w(z,0) =z(r—z), 0<z<m.

a) Find the Fourier sine series solution of the above heat equation by using the
separation of variables method.

Separating variable method gives a Fourier sine series solution

o0
u(z,t)=> e
n=1

=

2 .
"t A, sinna,

[N

where
2 [
A, == / x(m — x)sinnx dz.
7 Jo
Integration by parts gives
2 fr 4 41— (=1)"
Ap=— (m—2z)cosnzdr = — sinnxdzz#.
™ Jo mn? Jo ™

b) Let M, N be two natural numbers, and define h = 7n/M and k = 1/N.
Introduce x; = ih for : = 0,..., M and t, = nk for n = 0,1,2,.... Write
down an explicit difference scheme (based on finite differences and (forward)
Euler’s method) for U* ~ u(x;, t,).



TMA4130/35 Mathematics 4N/D, December 2019 Page 5 of 7

Solution: Symmetric approximation to u,, and forward Euler for u, yields

Urtt = U + 2’22((];;1 —2U+UP,), i=1... M-1n=012_..,
with boundary conditions
Uy=0, Uy=0 n=0,1,2,...,
and initial conditions
Ul =ai(m—x;) i=0,..., M.

2

c) Let M =4 and N = 20, and compute approximate solutions for u(m/4,0.1)

Compute UZ, the above scheme gives

2
u(r/4,0.1) = U2 = Ul + ﬁ(U21 —2U7),
where 52 ) ) 272 |
T T T
gl—°22 4 2 (2 y_°22
! 16+5772( 8) 16 20
and ) ) ) ) |
T T T
Ul="— 4+ = (- )= " — —.
2=t 57r2( 8 ) 4 20
Thus 52 | .
v
4.01) ~ 2 — — 4+ —— A~ 1.7525772488.
u(m/4,0) ~ 5 = 15+ 50
Problem 5 [10 points]

Find a, b, ¢, d such that the polynomial
p(z) = az’® + ba® + cx +d
interpolating the points

|0 2 3 4
yi |1 5 10 17~
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Use the Lagrange method or the Newton method. The result is p(z) = 2% + 1.
Problem 6 [10 points]

The integral
1
| r@)dz,
0

can be approximated by the Simpson formula

S= é (f(@) +4(05) + f(l)) |

a) Apply the Simpson formula to the integral
1

/ 23 d.
0

1 -
S = 6(0+0.5+1) :0.25:/ 23 da.
0

b) Determine the degree of precision for the Simpson formula.?

3, because

| —

1 5 1
5(3:4):6(0+0.25+1> :ﬂ;&/ ot de =
0

Problem 7 [10 points]
Let r be the solution of the following equation
r+n(z—-—1)=0, 1<z<2.
Show that the solution is unique. Starting from
20 = 1.25,

do one time Newton iteration, and compute x;.
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Put
f@) = 2+ Iz —1),
then ]
"(z) =1 1
floy=1+ 1>
when z > 1. But f(1+) = —o00 < 0, f(2) = 2 > 0. Thus we have exact one

solution inside (1,2). By Newton’s method

f(zo)  5+1In4

~~ 1.27725887222.
f'(xo) 5

r1 =Ty —

Problem 8 [10 points]
The following Heun’s method is given:

kl = f(mmYn)a
k2 = f((tn + h,yn + hkl),

Yn+1 = Yn + ;L(kl +ky).
a) Do one step with step size h = 0.1 using the above method on the problem:
y' = —2ry, y(0)=1
Find the exact solution of the above equation and compute the error.
ki =0, ks = —0.2, thus y; = 0.99. The exact solution is
y=e

The error is
e %9 —0.99

b) Find the stability function R(z) for Heun’s method. Find also the corre-
sponding stability interval.

R(z)=1+2z+2%/2, [-2,0]
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Fourier Transform

Fa) == [ e dw | fluw) = —= [ fa)e ao
—ax? 1 —w?/4a
e Ee /
o—alel \/5 a
w? + a?
1 7 e—alvl
z? + a? \/g a
1 for |z| <a \/Esinwa
{0 otherwise T ow

Laplace Transform

f0) | Fs)= [T at
S
t
cos(wt) S
w
sin(wt
(wt) 52 4+ w?
S
COSh(Wt) m
] w
sinh(wt) 2
N T(nt 1)
Sn+1 ’
forn=20,1,2,...,'(n+ 1) = n!
1
eat
s—a
d(t —a) e as

Page i of ii

a

1 n _
/x”cosax dr = —2"sinazx — —/x” Vsinax dz
a

) 1 n _
2" sinaxr dv = ——z" cosax + f/mn Leosaxr dx
a a
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Numerics

f(zk)

e Newton’s method: xp, 1 = x) — Flan)

e Newton’s method for system of equations: Ty, = T — JF(Z) 7 F (%),

e Lagrange interpolation: p,(z) = 31, fk, with Iy (z) = [Tz (z — 25).

f("+1)(t)
(n+1)! °

lk

e Interpolation error: €,(x) = [Tr_q(x — )

e Chebyshev points: zj = cos (;kié ), 0<k<n.

e Newton’s divided difference: f(x) =~ fo + (x — xo) f|xo, x1]+

(z —z0) (v —21) fl70, 21, T+ -+ (¥ —T0) (T — 1) - (T =201 f[0, - - -, T,
with f[zo z] = fle1, 2] = flwo,. ... xp—1]
e pra— .

e Trapezoid rule: [° f(z) dz ~ h Bf(a) +fi+foto A+ fu %f(b)]
Error of the trapezoid rule: |e| < %=2h2 max,ejoy | " (2)].

e Simpson rule: [’ f(z) dz ~Efo+Afit2fo+Afs+ 4 2 2+ 4fa1 + fal.

Error of the Simpson rule: |e| < 2=¢h* max,ef [P (2)].

e Gauss Seidel iteration: x*+) =b — Lx(™+*D) — Ux(™) with A = I+L+U.
e Jacobi iteration: x(™*) =b 4 (I — A)x(™.
e Buler method: y, ., =y, + hf(z,,y,).

e Improved Euler method: y, ., =y, + 3h[f(2,, y,) + f(z, + b, y;41)], where
yn+1 - yn + hf(l‘n, Yn>

e Classical Runge-Kutta method: k; = hf(z,,y,,),
ky = hf(zn +h/2,y, +k1/2), ks = hf(zn + h/2,y, + ko /2),
ky=h(z, + 7y, +K3), Yoi1 = Y0 + %kl + %kz + %ks + %k4-

e Backward Euler method: y, ., =y, + Af(xn11,y,i1)-

u(zthy)—u(@—hy) 9%u

1M1 1 . Ju ~ } ~ ’M($+h,y)72’M($,y)+u($7h7y)
e Finite differences: 3*(z,y) ~ o , 5o (T, y) =~ i3 :

k
h2»
(24 2r)uiji1 — (U1 o+ wi1gi1) = (2= 2r)ugy + r(wipy + wi1)-

e Crank—Nicolson method for the heat equation: r =



