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Problem 1 [20 points]

a) Compute Laplace transform of

f(t) =

0 0 ≤ t ≤ 1,
t t > 1.

We have
F (s) =

∫ ∞
1

te−st dt = t
e−st

−s
∣∣∣∞
1
−
∫ ∞

1

e−st

−s
dt, s > 0

Hence
F (s) = e−s

(1
s

+ 1
s2

)
.

b) Use Laplace transform to find the solution of

y′′ + y = 2et, with y(0) = y′(0) = 0.

Apply the Laplace transform, we get

s2Y + Y = 2
s− 1 .

Thus partial fraction decomposition gives

Y = 2
(s− 1)(s2 + 1) = 1

s− 1 −
s+ 1
s2 + 1 .

Hence
y = et − cos t− sin t.

c) Compute the inverse Laplace transform L−1(F )(t) of the following function

F (s) = 1
s2 + 2s+ 17 .

Since
F (s) = 1

(s+ 1)2 + 42 ,

we have
f(t) = e−t

sin 4t
4 .
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Problem 2 [14 points]

a) Let
f(x) = 1 + x, −π < x < π.

Verify the following complex Fourier series expansion for f

1 +
∑
n6=0

i(−1)n
n

einx.

We have that c0 = 1
2π
∫ π
−π(1 + x) dx = 1. Thus it is enough to show, for n 6= 0, we

have cn = i(−1)n

n
. In fact

cn = 1
2π

∫ π

−π
(1 + x)e−inx dx = 1

2π

∫ π

−π
xe−inx dx = xe−inx

−2πin
∣∣∣π
−π

= i(−1)n
n

.

b) Why is

f(x) = 1 +
∑
n 6=0

i(−1)n
n

einx

for −π < x < π?

Because f is smooth, that is, f is continuously differentiable on the interval −π <
x < π.

c) Compute the Fourier transform of

f(x) =

sin(x) |x| < 1,
0 |x| ≥ 1.

We have
f̂(ω) = 1√

2π

∫ 1

−1
e−ixω sin x dx.

Notice that
e−ixω = cosxω − i sin xω,

cosxω sin x is odd and sin xω sin x is even. Thus∫ 1

−1
e−ixω sin x dx = 2(−i)

∫ 1

0
sin xω sin x dx.
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Recall that
2 sin a sin b = cos(a− b)− cos(a+ b).

Thus ∫ 1

−1
e−ixω sin x dx = (−i)

∫ 1

0
cos(xω − x)− cos(xω + x) dx,

which gives
∫ 1

−1
e−ixω sin x dx = (−i)

(
sin(xω − x)

ω − 1
∣∣∣1
0
− sin(xω + x)

ω + 1
∣∣∣1
0

)
.

Thus
f̂(ω) = −i√

2π

(
sin(ω − 1)
ω − 1 − sin(ω + 1)

ω + 1

)
.

Problem 3 TMA4130 Mathematics 4N: [6 points]

Solve the initial value problem for the wave equation (utt = ∂2u/∂t2, uxx =
∂2u/∂x2 mean partial derivatives)

utt = uxx, u(x, 0) = sin(x), ut(x, 0) = ex,

using d’Alembert’s solution.

We have
u(x, t) = 1

2(sin(x+ t) + sin(x− t) + e(x+t) − e(x−t)).

Problem 3 TMA4135 Mathematics 4D: [6 points]

Show that the following function u(x, t) = (x− t)3 + sin(x + t) satisfies the wave
equation uxx = utt (utt = ∂2u/∂t2, uxx = ∂2u/∂x2 mean partial derivatives).
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A direct computation gives

uxx = 6(x− t)− sin(x+ t) = utt.

Problem 4 [20 points]

Consider the following heat equation

ut(x, t) = 1
2uxx(x, t), t ≥ 0, 0 ≤ x ≤ π,

(ut = ∂u/∂t, uxx = ∂2u/∂x2 mean partial derivatives) with boundary conditions

u(0, t) = u(π, t) = 0, t ≥ 0;

and the initial condition

u(x, 0) = x(π − x), 0 ≤ x ≤ π.

a) Find the Fourier sine series solution of the above heat equation by using the
separation of variables method.

Separating variable method gives a Fourier sine series solution

u(x, t) =
∞∑
n=1

e−
1
2n

2tAn sinnx,

where
An = 2

π

∫ π

0
x(π − x) sinnx dx.

Integration by parts gives

An = 2
πn

∫ π

0
(π − 2x) cosnx dx = 4

πn2

∫ π

0
sinnx dx = 4(1− (−1)n)

πn3 .

b) Let M,N be two natural numbers, and define h = π/M and k = 1/N .
Introduce xi = ih for i = 0, . . . ,M and tn = nk for n = 0, 1, 2, . . . . Write
down an explicit difference scheme (based on finite differences and (forward)
Euler’s method) for Un

i ≈ u(xi, tn).
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Solution: Symmetric approximation to uxx and forward Euler for ut yields

Un+1
i = Un

i + k

2h2

(
Un
i+1 − 2Un

i + Un
i−1

)
, i = 1, . . . ,M − 1, n = 0, 1, 2, . . . ,

with boundary conditions

Un
0 = 0, Un

M = 0, n = 0, 1, 2, . . . ,

and initial conditions

U0
i = xi(π − xi) i = 0, . . . ,M.

c) Let M = 4 and N = 20, and compute approximate solutions for u(π/4, 0.1)

Compute U2
1 , the above scheme gives

u(π/4, 0.1) ≈ U2
1 = U1

1 + 2
5π2 (U1

2 − 2U1
1 ),

where
U1

1 = 3π2

16 + 2
5π2 (−π

2

8 ) = 3π2

16 −
1
20

and
U1

2 = π2

4 + 2
5π2 (−π

2

8 ) = π2

4 −
1
20 .

Thus
u(π/4, 0.1) ≈ 3π2

16 −
1
10 + 1

50π2 ≈ 1.7525772488.

Problem 5 [10 points]

Find a, b, c, d such that the polynomial

p(x) = ax3 + bx2 + cx+ d

interpolating the points
xi 0 2 3 4
yi 1 5 10 17 .
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Use the Lagrange method or the Newton method. The result is p(x) = x2 + 1.

Problem 6 [10 points]

The integral ∫ 1

0
f(x) dx,

can be approximated by the Simpson formula

S = 1
6

(
f(0) + 4f(0.5) + f(1)

)
.

a) Apply the Simpson formula to the integral∫ 1

0
x3 dx.

S = 1
6

(
0 + 0.5 + 1

)
= 0.25 =

∫ 1

0
x3 dx.

b) Determine the degree of precision for the Simpson formula.?

3, because

S(x4) = 1
6

(
0 + 0.25 + 1

)
= 5

24 6=
∫ 1

0
x4 dx = 1

5 .

Problem 7 [10 points]

Let r be the solution of the following equation

x+ ln(x− 1) = 0, 1 < x < 2.

Show that the solution is unique. Starting from

x0 = 1.25,

do one time Newton iteration, and compute x1.
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Put
f(x) = x+ ln(x− 1),

then
f ′(x) = 1 + 1

x− 1 > 1

when x > 1. But f(1+) = −∞ < 0, f(2) = 2 > 0. Thus we have exact one
solution inside (1, 2). By Newton’s method

x1 = x0 −
f(x0)
f ′(x0) = 5 + ln 4

5 ≈ 1.27725887222.

Problem 8 [10 points]

The following Heun’s method is given:

k1 = f(xn,yn),
k2 = f(xn + h,yn + hk1),

yn+1 = yn + h

2 (k1 + k2).

a) Do one step with step size h = 0.1 using the above method on the problem:

y′ = −2xy, y(0) = 1.

Find the exact solution of the above equation and compute the error.

k1 = 0, k2 = −0.2, thus y1 = 0.99. The exact solution is

y = e−x
2
.

The error is
e−0.01 − 0.99

b) Find the stability function R(z) for Heun’s method. Find also the corre-
sponding stability interval.

R(z) = 1 + z + z2/2, [−2, 0]
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Fourier Transform

f(x) = 1√
2π

∫ ∞
−∞

f̂(w)eiwx dw f̂(w) = 1√
2π

∫ ∞
−∞

f(x)e−iwx dx

e−ax
2 1√

2a
e−w

2/4a

e−a|x|

√
2
π

a

w2 + a2

1
x2 + a2

√
π

2
e−a|w|

a1 for |x| < a

0 otherwise

√
2
π

sinwa
w

Laplace Transform

f(t) F (s) =
∫ ∞

0
e−stf(t) dt

cos(ωt) s

s2 + ω2

sin(ωt) ω

s2 + ω2

cosh(ωt) s

s2 − ω2

sinh(ωt) ω

s2 − ω2

tn
Γ(n+ 1)
sn+1 ,

for n = 0, 1, 2, . . ., Γ(n + 1) = n!

eat
1

s− a
δ(t− a) e−as

∫
xn cos ax dx = 1

a
xn sin ax− n

a

∫
xn−1 sin ax dx∫

xn sin ax dx = −1
a
xn cos ax+ n

a

∫
xn−1 cos ax dx
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Numerics

• Newton’s method: xk+1 = xk − f(xk)
f ′(xk) .

• Newton’s method for system of equations: ~xk+1 = ~xk − JF (~xk)−1F (~xk),
with JF = (∂jfi).

• Lagrange interpolation: pn(x) = ∑n
k=0

lk(x)
lk(xk)fk, with lk(x) = ∏

j 6=k(x− xj).

• Interpolation error: εn(x) = ∏n
k=0(x− xk)f

(n+1)(t)
(n+1)! .

• Chebyshev points: xk = cos
(

2k+1
2n+2π

)
, 0 ≤ k ≤ n.

• Newton’s divided difference: f(x) ≈ f0 + (x− x0)f [x0, x1]+
(x−x0)(x−x1)f [x0, x1, x2]+ · · ·+(x−x0)(x−x1) · · · (x−xn−1)f [x0, . . . , xn],
with f [x0, . . . , xk] = f [x1,...xk]−f [x0,...,xk−1]

xk−x0
.

• Trapezoid rule:
∫ b
a f(x) dx ≈ h

[
1
2f(a) + f1 + f2 + · · ·+ fn−1 + 1

2f(b)
]
.

Error of the trapezoid rule: |ε| ≤ b−a
12 h

2 maxx∈[a,b] |f ′′(x)|.

• Simpson rule:
∫ b
a f(x) dx ≈ h

3 [f0 + 4f1 + 2f2 + 4f3 + · · ·+ 2fn−2 + 4fn−1 + fn].
Error of the Simpson rule: |ε| ≤ b−a

180 h
4 maxx∈[a,b] |f (4)(x)|.

• Gauss–Seidel iteration: x(m+1) = b− Lx(m+1) −Ux(m), with A = I+L+U.

• Jacobi iteration: x(m+1) = b + (I−A)x(m).

• Euler method: yn+1 = yn + hf(xn,yn).

• Improved Euler method: yn+1 = yn + 1
2h[f(xn,yn) + f(xn + h,y∗n+1)], where

y∗n+1 = yn + hf(xn,yn).

• Classical Runge–Kutta method: k1 = hf(xn,yn),
k2 = hf(xn + h/2,yn + k1/2), k3 = hf(xn + h/2,yn + k2/2),
k4 = hf(xn + h,yn + k3), yn+1 = yn + 1

6k1 + 1
3k2 + 1

3k3 + 1
6k4.

• Backward Euler method: yn+1 = yn + hf(xn+1,yn+1).

• Finite differences: ∂u
∂x

(x, y) ≈ u(x+h,y)−u(x−h,y)
2h , ∂2u

∂x2 (x, y) ≈ u(x+h,y)−2u(x,y)+u(x−h,y)
h2 .

• Crank–Nicolson method for the heat equation: r = k
h2 ,

(2 + 2r)ui,j+1 − r(ui+1,j+1 + ui−1,j+1) = (2− 2r)uij + r(ui+1,j + ui−1,j).


