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Exercise #9

14. October 2024

Exercises marked with a (J) should be handed in as a Jupyter notebook.

Problems marked with 4N or 4D must be submitted only by the respective course, while
unmarked problems must be submitted by both courses.

Optional exercises will not be corrected.

Problem 1. (Trigonometric series)

Determine the coefficients ag, a,, b,, n € N of the trigonometric Fourier series f ~ ag +

Z d, COoS (%x) + b, sin (%x) for the following functions.

n=

a) f(x) =1-xfor —-1<x <1, with period T = 2L = 2;
b) f(x) =|cos(37x)|, find the fundamental period yourself;
¢) f(x) = |sin(x)|, find the fundamental period yourself;

d) f(x) =x*-x for -1 < x <1, with period T = 2.

Problem 2. (Periodic functions)

Recall that a function f: R — R is called periodic, if there exists p > 0 (a period of f) such
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that
f(x+p) =f(x)forall x e R.

Moreover, the smallest positive number for which this statement holds (if it exists), is called
the fundamental period of f.

a) Decide whether the following statement is true or false, and then find either a proof or
a counterexample: Every periodic function has a fundamental period.

b) What is the fundamental period of the following functions:
+ f(x) =cos(2x +3)
. f(x) = nsin(%ﬂx)

o f(x) =cos(;75x) +sin(;5x), meZ\{-1},neZ\ {1}.

m+1

Problem 3.
Recall that a function f is even if f(—x) = f(x), and odd if —f(—x) = f(x).

a) Show that if f(x) is odd, and g(x) is even, then h(x) := f(x)g(x) is odd.
b) Show that if f(x) is odd, then A(x) := f*(x) is even.

c) Show that if f(x) is odd, then for any L > 0,

'[LLf(x)dx =0.

d) Show that if f(x) is odd and g(x) is even then f o g and g o f are both even.

e) Show that if f(x) is even, then for any L > 0,

'[LLf(x)dx = Z/OLf(x)dx.

Problem 4. (Fourier series)
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For each of the 27-periodic functions below, which are given on [-7, 7] and are meant as
their periodic continuation, sketch the function over —37 < x < 37 and find their Fourier
series. In each case, plot the truncated series

N
Sn(x) =ag+ Z(an cos(nx) + b, sin(nx))
n=1

for N =5, N =20and N = 100.

0 if—7r<x<00r%<x£ﬂ,
ifo<x<7.

a) f(x) =

if —7r<x<0,

b) f(x) =

if0<x<%,

83 X ©

-x if§<x$7r.

- —X if—ﬂ<x<—%,
c) f(x)=1x if -2 <x<7,

T—X if§<xsﬂ.
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The next exercises are optional and should not be handed in!

Problem 5. (Order of a Runge-Kutta method)

In this exercise we will study a Runge-Kutta method that is given by

ki = f(tn, yn)
ks Zf(tn"‘g’Yn"‘%)
by = £t + hoyn + 5K)
Vo1 = Yn + Z(kl + 3ks)
a) Present the method in the form of a Butcher tableau.

b) Decide the order of the method.

Problem 6. (Convolution and Integral equations)

For two functions f(¢) and g(t), consider the convolution defined as

f*g:=/Otf(f)g(t—f)dw/Otg(f)f(t—r)dr.

Exercise #9

Submission Deadline:
25. October 2024, 23:59

a) Compute manually, explicitating the integral, the following convolutions

el xe™, sin(wt) * cos(wt)

where o € R is a constant parameter.

b) Solve the following integral equations using the properties of the Laplace transform
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applied to convolutions:
t
y0 - [ yodr=1
0
t
y(t) — / y(r) cosh(t — 7)dr =t + €'
0

t 2
y(t) _/0 y(o)(t —7)dr = 2—%

c¢) Using the properties of the Laplace transform applied to convolutions compute the
inverse Laplace transform of the following functions

27s e ® 240
(s2 + 12)%’ s(s—2) (s2 +1)(s2 + 25)
with a > 0 a constant parameter.

Hint: It can be useful to recall sin(a) sin(f) = %[— cos(x + y) + cos(x — y)]

Problem 7. (Numerical differentiation)

We want to find a difference formula of the form

u”(x) ~ % aju(x) + asu(x — h) + azu(x — %h) ,

where a;, a; and a; are constants to be determined.

Find the coeflicients a;, a; and a3 which makes this scheme convergent. Find an expression
for the error term.

Problem 8. (SIR - 4N, ])

A model for a pandemic is the SIR model. In its simplest form it has three unknown functions:
the fraction of susceptible individuals S(t), the fraction of infectious individuals I(¢) and
the fraction of recovered individuals R(t). These functions obey the differential equation
system

S’ = -bSI,
I’ = bSI —al,
R =al,
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where the recovery rate a and the infection rate b are given constants. The initial values are
given as S(0) = 0.99, I(0) = 0.01, R(0) = 0.

a) Rewrite the differential equation in system form y’(t) = f(y), y(0) = »°, where
y° € R3 is the initial value vector.

b) Write a Python function SIR, which calculates f(y), taking the numpy array y as
well as the parameters a and b as inputs and returning y’ as output. Check your
implementation by calculating f(y°) for a = 0.03 and b = 0.33 by hand and comparing
with the numerical output.

c) Write a Python function Euler, which does one step of the Euler method with the step
size h. Then write the code for calculating y(¢) on the interval [0,100] by doing several
steps with Euler. Test it out by using the values from b) and taking h» = 0.1. Plot each
of the components S, I and R.

d) Repeat part c) for the Heun method instead of the Euler method.

e) Prove that S + I + R remains constant over time and check whether the previously
produced solutions also satisfy this property.

f) Assuming the Heun method is much better than the Euler method, estimate the error
in the Euler method by computing the difference between the two approximations
obtained by the Euler and the Heun method. Plot the results for h = 1, h = 0.1 and
h=0.01
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