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Exercise #8

7. October 2024

Exercises marked with a (J) should be handed in as a Jupyter notebook.

Problems marked with 4N or 4D must be submitted only by the respective course, while
unmarked problems must be submitted by both courses.

Optional exercises will not be corrected.

Problem 1. (Ralston’s method)

Ralston’s method is given by the following Butcher tableau:

0 0 0 0
1/2 1/2 0 0
3/4 0 3/4 0

2/9 1/3 4/9

a) Determine the order of this Runge–Kutta method.

b) Consider the initial value problem 𝑦′(𝑡) = 𝑡3e−𝑦/2, 𝑦 (0) = 0. Using a time-step size
ℎ = 0.48, use Ralston’s method to compute the first step, by hand. Make sure to also
write down all stage derivatives 𝑘1, 𝑘2 and 𝑘3.

Problem 2. (Adaptivity)
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Consider the following implementation of a Runge–Kutta method:
import numpy as np
import matplotlib.pyplot as plt

T = 2.0
y0 = 0.0
t = 0.0
h = 0.25

def f(t,y):
return t**3*np.exp(-1/2*y)

ys = [y0]
ts = [t]

while(t+h < T):
t, y = ts[-1], ys[-1]
k1 = f(t,y)
k2 = f(t+h/2, y + h*k1/2)
k3 = f(t+3*h/4, y + 3*h*k2/4)
k4 = f(t+h, y + h*(2*k1 + 3*k2 + 4*k3)/9)
y = y + h*(7*k1/24 + k2/4 + k3/3 + k4/8)
ys.append(y)
ts.append(t + h)

plt.plot(ts, ys, 's-')

a) Based on the implementation above, write down the Butcher tableau for this RK method.

b) If we run the code, how many time steps will be computed?

c) Based on the tableau, determine the order of this method.

d) Considering the initial value problem 𝑦′(𝑡) = 𝑡3e−1/2𝑦 , 𝑦 (0) = 0 and time-step size
ℎ = 0.48 (as in Problem 1), compute the first time step using the method implemented
above.
Hint: before you actually compute the stage derivatives 𝑘𝑖 , check whether you can
re-use any of the calculations done for Problem 1.

e) Consider now the combination of this method with the one from Problem 1, to create
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an adaptive scheme. Remember the error estimate:

𝜖𝑛+1 =
��𝑦𝑛+1 − 𝑦∗𝑛+1

�� = ℎ

����� 𝑠∑︁
𝑖=1

(𝑏𝑖 − 𝑏∗𝑖 )𝑘𝑖

����� ,
with the superscript ∗ referring to the lowest-order method among the two. Based on
the calculations done so far, compute 𝜖1.

f) Comparing 𝜖1 with the tolerance tol = 0.001, check if the first step we computed is
acceptable and, if not, compute the new time-step size ℎnew based on the formula
developed in class:

ℎnew = 𝛾

(
tol
𝜖1

) 1
𝑝+1

ℎ ,

with 𝛾 = 0.9.

Problem 3. (Ralston’s method - 4D)

For the ordinary differential equation

𝑦′(𝑡) = −6𝑦 (𝑡) , with 𝑦 (0) = 1 ,

consider Ralston’s method given by the following Butcher tableau:

0 0 0
2/3 2/3 0

1/4 3/4

Using the tableau and expanding the stage derivatives 𝑘𝑖 , we can write the solution 𝑦𝑛+1 in
terms of the previous one, 𝑦𝑛 , and of the time-step size ℎ > 0. More precisely:

𝑦𝑛+1 = 𝑅(ℎ)𝑦𝑛 , so that 𝑦𝑛 = [𝑅(ℎ)]𝑛 𝑦 (0) ,

in which 𝑅(ℎ) is a second-degree polynomial.

a) How many stages does this Runge–Kutta method have?
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b) Determine the polynomial 𝑅(ℎ).

c) Using the expression obtained for 𝑅(ℎ), determine for what range of step sizes this
algorithm is stable.

Problem 4. (SIR - 4N, J)

A model for a pandemic is the SIR model. In its simplest form it has three unknown functions:
the fraction of susceptible individuals 𝑆 (𝑡), the fraction of infectious individuals 𝐼 (𝑡) and
the fraction of recovered individuals 𝑅(𝑡). These functions obey the differential equation
system

𝑆′ = −𝑏𝑆𝐼,
𝐼 ′ = 𝑏𝑆𝐼 − 𝑎𝐼,

𝑅′ = 𝑎𝐼,

where the recovery rate 𝑎 and the infection rate 𝑏 are given constants. The initial values are
given as 𝑆 (0) = 0.99, 𝐼 (0) = 0.01, 𝑅(0) = 0.

a) Rewrite the differential equation in system form 𝑦′(𝑡) = 𝑓 (𝑦), 𝑦 (0) = 𝑦0, where
𝑦0 ∈ R3 is the initial value vector.

b) Write a Python function SIR, which calculates 𝑓 (𝑦), taking the numpy array 𝑦 as
well as the parameters 𝑎 and 𝑏 as inputs and returning 𝑦′ as output. Check your
implementation by calculating 𝑓 (𝑦0) for 𝑎 = 0.03 and 𝑏 = 0.33 by hand and comparing
with the numerical output.

c) Write a Python function Euler, which does one step of the Euler method with the step
size ℎ. Then write the code for calculating 𝑦 (𝑡) on the interval [0, 100] by doing several
steps with Euler. Test it out by using the values from b) and taking ℎ = 0.1. Plot each
of the components 𝑆 , 𝐼 and 𝑅.

d) Repeat part c) for the Heun method instead of the Euler method.

e) Prove that 𝑆 + 𝐼 + 𝑅 remains constant over time and check whether the previously
produced solutions also satisfy this property.

f) Assuming the Heun method is much better than the Euler method, estimate the error
in the Euler method by computing the difference between the two approximations
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obtained by the Euler and the Heun method. Plot the results for ℎ = 1, ℎ = 0.1 and
ℎ = 0.01.

Problem 5. (Numerical solution of ODEs - J)

In this problem we will implement Euler’s method, second order Taylor’s method, and Heun’s
method, and use them to approximate the solution to the ODE,

𝑦′ = −2𝑡𝑦, 𝑦 (0) = 1.

The exact solution to this equation is 𝑦 (𝑡) = e−𝑡2 .

a) Implement Euler’s method, and compute an approximation of 𝑦 (1), using a step size
equal to 0.1.

b) Do the same using a second order Taylor method, and Heun’s method.

c) We know from the lecture that the consistency error of Euler’s method is 1, and Heun’s
method is 2.
Show that the consistency error for the second order Taylor method is 2.

d) We now want to approximate the convergence orders of these methods numerically.
Recall that we defined the global error,

𝜖𝑔 := max
𝑖

|𝑦 (𝑡𝑖) − 𝑦𝑖 |.

If we assume that 𝜖𝑔 (ℎ) ≈ 𝑀ℎ𝑝 , for some𝑀 > 0, we have,

log
(
𝜖𝑔 (ℎ1)
𝜖𝑔 (ℎ2)

)
≈ 𝑝 log

(
ℎ1

ℎ2

)
.

Compute the global error of the methods from a)-c) using ℎ1 = 10−2 and ℎ2 = 10−3,
where 𝑡𝑖 = 𝑖ℎ, 𝑖 = 1, . . . , 1

ℎ
. Use this to approximate the convergence order, 𝑝 , for each of

the three methods.

e) We can also approximate the convergence order by plotting log(𝜖𝑔 (ℎ)) = log(𝑀) +
𝑝 log(ℎ) versus log(ℎ), and inspecting the slope of the function.

Plot log(𝜖𝑔 (ℎ)) versus log(ℎ) for ℎ = 10−2, 10−3, 10−4 for each of the three methods.
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The next exercises are optional and should not be handed in!

Problem 6. (System of ODEs)

Consider the second order linear ODE,

5𝑦 + 2𝑦′ + 𝑦′′ + 3 = 0,
𝑦 (0) = 1,
𝑦′(0) = 4.

Rewrite it as a linear system of first order ODEs, and perform one step of Euler’s method with
step size 1.

Problem 7. (Differential Equations)
Solve the following differential equations by using the Laplace transform.

a) 
𝑓 ′′(𝑡) − 𝑓 (𝑡) = 𝑔(𝑡) =


0, if 𝑡 < 2,
𝑡, if 2 ≤ 𝑡 ≤ 5,
0, if 5 < 𝑡 .

,

𝑓 (0) = 0,
𝑓 ′(0) = 0.

b)
{
𝑓 ′(𝑡) + 3𝑓 (𝑡) = 𝛿 (𝑡 − 2),

𝑓 (0) = 8.

c) 
𝑓 ′′(𝑡) + 16𝑓 (𝑡) = 𝑔(𝑡) =

{
30 sin(𝑡) if 0 < 𝑡 < 3𝜋,
0 if 𝑡 ≥ 3𝜋

𝑓 (0) = 2,
𝑓 ′(0) = 3

Hint: rewrite the right-hand side in a more suitable way using the fact that sin(𝛼 + 𝛽) =
sin(𝛼) cos(𝛽) + sin(𝛽) cos(𝛼)

d) 
𝑓 ′′(𝑡) = 𝛿 (𝑡 − 2) − 𝛿 (𝑡 − 3),
𝑓 (0) = 0,
𝑓 ′(0) = 0.
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e) 
𝑓 ′′(𝑡) + 3𝑓 ′(𝑡) + 2𝑓 (𝑡) = 10 sin(𝑡) + 3𝛿 (𝑡 − 8),

𝑓 (0) = 2,
𝑓 ′(0) = −4.

f) 
𝑓 ′′(𝑡) + 2𝑓 ′(𝑡) + 5𝑓 (𝑡) = 25𝑡 − 14𝛿 (𝑡 − 𝜋),

𝑓 (0) = −2,
𝑓 ′(0) = 5

Problem 8. (Stability - 4D)

For an ODE 𝑦′(𝑡) = 𝑓 (𝑡, 𝑦), the so-called explicit midpoint method is given by

𝑦𝑛+1 = 𝑦𝑛 + ℎ𝑓 (𝑡𝑛 + 0.5ℎ, 𝑦𝑛 + 0.5ℎ𝑓 (𝑡𝑛, 𝑦𝑛)) .

Consider, in particular, the linear autonomous equation where 𝑓 (𝑦) = 𝜆𝑦 , with 𝜆 ∈ C.

a) Write down the Butcher tableau for this Runge–Kutta method.

b) Determine the stability function 𝑅(𝑧) of the explicit midpoint method, that is, the
function that allows us to write 𝑦𝑛+1 = [𝑅(ℎ𝜆)]𝑦𝑛 .

c) Determine the stability region S.

d) For 𝜆 = −20, what is the interval of time-step sizes ℎ for which we get a stable solution?

Problem 9. (Polynomial interpolation)

You are allowed (but not required) to use python for this problem. Approximate answers
obtained by numerical methods are accepted. Consider the function

𝑓 (𝑥) = 2−𝑥
2+3𝑥−2.

a) Interpolate 𝑓 (𝑥) by a polynomial of minimal degree, by using the interpolation points

𝑥0 = −1, 𝑥1 = 0, 𝑥2 = 1, 𝑥3 = 2.

What is the maximal error on the intervals [−1, 2] and [−10, 10]? Plot 𝑓 (𝑥) and the
interpolating polynomial in the same plot, on the interval [−1, 2].
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b) The Chebyshev nodes on an interval [𝑎, 𝑏] are defined as

𝑥𝑖 =
𝑎 + 𝑏
2

+ 𝑏 − 𝑎

2
cos

( (2𝑖 + 1)𝜋
2(𝑛 + 1)

)
, 𝑖 = 0, . . . , 𝑛.

Find the Chebyshev nodes on the interval [−1, 2] for 𝑛 = 3.
(If you are interested in more information about Chebyshev interpolation, you can have
a look at the note “Interpolation”, Section 2.3.)

c) Interpolate 𝑓 (𝑥) in the Chebyshev nodes for 𝑛 = 3. What is the maximal error on the
interval [−1, 2]? Plot 𝑓 (𝑥) and the interpolating polynomial in the same plot, on the
interval [−1, 2].

d) Plot the error as a function in 𝑥 , for both the interpolation in a) and the interpolation
in c), on the interval [−1, 2]. Plot both errors in the same plot.
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