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Exercise #7

30. September 2024

Exercises marked with a (J) should be handed in as a Jupyter notebook.

Problems marked with 4N or 4D must be submitted only by the respective course, while
unmarked problems must be submitted by both courses.

Optional exercises will not be corrected.

Problem 1. (4th order Runge-Kutta - J)

The classical 4th order Runge—Kutta method is given as

ki = (2, yn)
k,=f (t,, + g,yn + gkl)
ks =f (t,, + g,yn + gkz)
ky = f(t, + h,y, + hk3)
Vne1 = Yn + g(kl + 2ky + 2ks + ky).
a) Implement this method in Python.
b) Verify numerically that this method has convergence order p = 4.

You may use the example problem

Y =-2ty, y(0) =1
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Recall that the analytic solution is y(t) = et

Problem 2. (Implementation of an ODE solver)

import numpy as np

f = lambda t,y : 2/tx*y
to, tend = 1, 2

yo = 1

N = 10

y = np.zeros(N+1)
t = np.zeros(N+1)
yL[o] = yo
t[e] = a

for n in range(N):
k1 = f(tLlnl,y[nl)
k2 = f(t[n]+0.5*%h, y[n]+0.5%xhxk1)
k3 = f(t[n]+0.75%xh, y[n]+0.75%h*k2)
y[n+1] = y[n] + h*x(2xk1+3%k2+4%k3)/9

print('t="',t)
print('y=",y)
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a) There are three bugs in this code. Two that prevents it from running at all, and one
which causes a completely nonsense output. Find and correct the errors.

b) Which mathematical problem does this code intend to solve numerically?

c) Which specific algorithm has been applied to the problem? No specific name is required,
but present the method in the form of a Butcher tableau, and decide the order of the

method.

d) Find the first two elements of the NumPy vector y, given that point a) is accomplished.

Problem 3. (Lipschitz continuity)

Decide if the following functions are Lipschitz continuous for all ¢, y € R.
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Q) f(ty) = 3

sin(t)
t

b) f(t.y) = y

Problem 4. (Numerical ODE-methods for a spring)

We consider the coupled mass-spring system
mu” = —kju + kz (v — u),
mav” = —ky(v — u),

with initial conditions
u(0) = a, u'(0) = b,

0(0) =¢, v’(0) =d.

Exercise #7
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Here u and v describe the (purely vertical) displacements of the masses m; and m, from the

equilibrium position, and kj, k; > 0 are the spring constants:

//////////////////////////////////////

ki

a) Rewrite this second order system as a system of four first-order ODEs.

b) Perform one step of Heun’s method with step length h = 0.1 for the solution of this

system. Use the following parameters:

k1 = 100, k2 = 200, my = 10,
a=0, b=1, c=0,
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c) Use both Euler’s method and Heun’s method in order to find a numerical approximation
of the solution of this problem (with the parameters as above) on the interval [0, 3].
Test the step lengths 0.1, 0.01, and 0.001, and plot the results. (J)

d) From the principle of conservation of energy, it follows that the total energy in this
mass-spring system remains constant for all times. For this system, this total energy is
given as

ml(u,)z + mz(U/)z + kluz kz(u—0)2
2 2 2 2 ’

Test numerically, to which extent the energy E is conserved in the different numerical
solutions which you have obtained in the previous step. (J)

E =
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The next exercises are optional and should not be handed in!

Problem 5.

Consider the initial value problem
y' = —2ty? y(0) =1.
a) Find the exact solution to the equation, then compute y(0.4).

Hint: You should obtain that y(0.4) = 25/29.

b) Perform 4 steps of Euler’s method with h = 0.1. Compute the error at the last step, that
is eq :=|yy — y(0.4)].

c) Perform 2 steps of Heun’s method with h = 0.2. Compute the error at the last step, that
is ey == [y2 — ¥(0.4)].

d) Perform 1 step of the classical 4th order Runge-Kutta method
k1 = f(tn, yn)
h h
kz =f (tn + E,yn + Ekl)
h h
k3 =f (tn + E,Yn + Ekg)
ky =f(t, + h,y, + hks)
h
VYn+t1 =Yn + g(kl + 2k2 + 2k3 + k4)

with h = 0.4. Compute the error e; := |y; — y(0.4)|. In each case, 4 function evaluations
were needed. Which of the methods performed best?

Problem 6. (Newton’s method for systems - J)
We are given the system of nonlinear equations

ax—PBxy=0,
dxy—yy=0.

where a, B, y, J are real coeflicients.
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a) Find the exact roots of the system

b) (J) Write a python program for solving this system by Newton’s method. Use x = (1,1)
as a starting value and pick the parameters value =1, f =3, y =4, § = 2, and iterate
until ||Xgs1 — Xk |leo < 107 wiht x¢ = (x%, Yk). How many iterations are needed in this
case? To which of the solutions is the algorithm converging?

You are encouraged to experiment a bit with different starting values.

c) (J) Test the convergence order of the algorithm

Problem 7. (Trigonometric interpolation)

In our first lectures, we saw how polynomials can be used to interpolate functions or discrete
datasets. That is actually not the only possibility, and in fact we can also use trigonometric
functions for interpolation. Namely, the set {1, sin x, cos x, sin 2x, cos 2x, ...} is a common basis
for that.

Let y = f(x) = sin® x be the function we wish to interpolate, for which we consider three
data points:

i | o 1 2
X 0 =m/6 n/3
yi | 0 1/4 3/4

Our task here is to construct a trigonometric function p(x) that goes through these three
points. Since f(x) is an even function, it suffices to use only cosine terms for the interpolation.
That is, we are looking for some

p(x) = ap + 1 cos x + ap cos 2x

such that p(x;) = y; for i = 0,1,2, with ay, &; and a, being three real coefficients to be
determined.

a) Based on the data in table, compute the interpolation coefficients oy, o; and ;.

b) Show that, for this particular case, we have p(x) = f(x) for all x € R, that is, the
interpolant is identical to the function being interpolated.

Hint: remember the trigonometric identity cos 2x = cos® x — sin® x.
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Problem 8.
We consider n + 1 equidistant points x; = -1+ %i, i=0,...,non[-1,2] forn=3.
a) Compute the cardinal functions £ (x), ..., £3(x).
b) Compute the Newton polynomials wy(x), ..., w3(x).

¢) Determine a polynomial p; € Ps that interpolates
f(x)=3 cos(%x) -2 sin(%x)

on the equidistant nodes on [—1,2]. Answer in both Lagrange form and in Newton
form.
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