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Exercises marked with a (J) should be handed in as a Jupyter notebook.

Problems marked with 4N or 4D must be submitted only by the respective course, while
unmarked problems must be submitted by both courses.

Optional exercises will not be corrected.

Problem 1. (Heaviside rhs - 4N only)

Consider the Heaviside unit step function 𝑢 (𝑡 − 𝑎), with 𝑎 ≥ 0. In this exercise, you are asked
to use the Laplace transform to solve various initial value problems involving 𝑢 (𝑡 − 𝑎) in the
right-hand side. Express the right-hand side in terms of the Heaviside function and solve the
initial value problem using the Laplace transform.

a) Solve 𝑦′′ + 𝑦 = 𝑔(𝑡) where 𝑔(𝑡) = 𝑡 if 0 < 𝑡 < 2 and 𝑔(𝑡) = 0 if 𝑡 > 2. Initial values are
𝑦 (0) = 0 and 𝑦′(0) = 0;

b) Solve 𝑦′′ + 9𝑦 = 𝑔(𝑡) where 𝑔(𝑡) = 8 cos 𝑡 if 0 < 𝑡 < 𝜋 and 𝑔(𝑡) = 0 if 𝑡 > 𝜋 . Initial
values are 𝑦 (0) = 0 and 𝑦′(0) = 4;

Hint: rewrite the right-hand side in a more suitable way using the fact that cos(𝛼 + 𝛽) =
cos(𝛼) cos(𝛽) − sin(𝛽) sin(𝛼)

c) Solve 𝑦′′ + 4𝑦′ + 3𝑦 = 𝑔(𝑡) where 𝑔(𝑡) = 5𝑡 if 0 < 𝑡 < 1 and 𝑔(𝑡) = 10 if 𝑡 > 1. Initial
values are 𝑦 (0) = 0 and 𝑦′(0) = 0;
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Problem 2. (Dirac input)

Consider the Dirac delta 𝛿 (𝑡 −𝑎), with 𝑎 ≥ 0. In this exercise, you are asked to use the Laplace
transform to solve various initial value problems, some of them containing Dirac inputs.

a) Solve the ODE 𝑦′′ + 𝑦 = 𝛿 (𝑡), with zero initial conditions, and show that it has the same
solution as the ODE 𝑦′′ + 𝑦 = 0, with 𝑦 (0) = 0 and 𝑦′(0) = 1.
Remark: this result illustrates the important fact that, in a second-order system, the
application of a Dirac impulse is equivalent to enforcing an "initial velocity".

b) Solve the ODE 𝑦′′′ + 8𝑦 = 0, with 𝑦 (0) = 𝑦′(0) = 0 and 𝑦′′(0) = 1.
Hint: remember the identity 𝑠3 + 𝑎3 = (𝑠 + 𝑎) (𝑠2 − 𝑎𝑠 + 𝑎2).

c) Solve the ODE 𝑦′′′ + 8𝑦 = 𝛿 (𝑡 − 1), with 𝑦 (0) = 𝑦′(0) = 𝑦′′(0) = 0.
Hint: see if you can reuse some of the computations done for item b).

Problem 3. (Numerical differentiation - 4D only)

Let
𝑢′(𝑥) = 3𝑢 (𝑥) − 4𝑢 (𝑥 − ℎ) + 𝑢 (𝑥 − 2ℎ)

2ℎ
+ 𝑒 (ℎ).

a) Find an expression for the error 𝑒 (ℎ).

b) Let 𝑢 (𝑥) = 𝑥 cos(𝑥). Use the expression above to find approximations to 𝑢′(𝑥) at
𝑥 = 𝜋/2, using ℎ = 0.1. How large is the error |𝑒 (ℎ) | in this case?

c) (J) Verify your results numerically as described in Slide 21 (preliminaries-bvp). Use
ℎ = 0.1 · 2−𝑖 , 𝑖 = 0, 1, · · · , 6. Present your result as a convergence plot.

Problem 4. (Convolution)

For two functions 𝑓 (𝑡) and 𝑔(𝑡), consider the convolution defined as

𝑓 ∗ 𝑔 :=
∫ 𝑡

0
𝑓 (𝜏)𝑔(𝑡 − 𝜏) d𝜏 =

∫ 𝑡

0
𝑔(𝜏) 𝑓 (𝑡 − 𝜏) d𝜏 .
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a) Compute e−𝑎𝑡 ∗ cos𝜔𝑡 , with 𝑎 and 𝜔 being two (given) real constants.

b) Compute 𝑡 ∗ 𝑡𝑛 , with 𝑛 being a given natural number.

c) Using convolution, find the inverse Laplace transform of 𝐹 (𝑠) = 𝑠
(𝑠2+1)2
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The next exercises are optional and should not be handed in!

Problem 5. (Heaviside)

Below you will find four functions defined piecewise. Rewrite each of them using only one
expression – with the aid of one or multipleHeaviside functions – and compute their Laplace
transforms.

a)

𝑓 (𝑡) =
{
−𝑡2 + 4𝑡 − 3 if 1 < 𝑡 < 3 ,
0 otherwise .

b)

𝑓 (𝑡) =
{
𝑡 if 𝑡 ≤ 1 ,
cosh(𝑡 − 1) if 𝑡 > 1 .

c)

𝑓 (𝑡) =


𝑡 if 𝑡 ≤ 1 ,
cosh(𝑡 − 1) if 1 < 𝑡 < 2 ,
0 if 𝑡 > 2 .

d)

𝑓 (𝑡) =


sin𝜋𝑡 if 𝑡 ≤ 1 ,
0 if 1 < 𝑡 < 2 ,
𝑡 if 𝑡 > 2 .

Problem 6. (Transform by differentiation)

Considering the following differentiation properties of the Laplace transform

L{𝑡 𝑓 (𝑡)} = −𝐹 ′(𝑠), hence L−1{𝐹 ′(𝑠)} = −𝑡 𝑓 (𝑡)

a) Laplace transform using differentiation properties the following functions

𝑡e−𝑡 cos(𝑡), 𝑡2

2
sin(𝜋𝑡), 4𝑡 cos( 1

2
𝜋𝑡)
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b) Inverse transform using differentiation properties the following functions

𝑠

(𝑠2 + 16)2 , ln
(
𝑠2 + 1
(𝑠 − 1)2

)
,

2𝑠 + 6
(𝑠2 + 6𝑠 + 10)2
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