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Exercise #5

16. September 2024

Exercises marked with a (J) should be handed in as a Jupyter notebook.

Problems marked with 4N or 4D must be submitted only by the respective course, while
unmarked problems must be submitted by both courses.

Optional exercises will not be corrected.

Problem 1.

Compute the Laplace transform of the following functions.

a) 𝑓 (𝑡) = 5 + 𝑡3 − 4𝑡6.

b) 𝑓 (𝑡) = sin(4𝑡)𝑒3𝑡 .

c) 𝑓 (𝑡) = 𝑒𝑡 d100
d𝑡 100 (𝑒

−𝑡𝑡 100)

d) 𝑓 (𝑡) = 𝑒−2𝑡 cos2(3𝑡) − 3𝑡2𝑒3𝑡

Problem 2.

Find the inverse Laplace transform of the following functions.

a) 𝐹 (𝑠) = − 4
𝑠2

+ 3
𝑠5
.
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b) 𝐹 (𝑠) = 𝑠2 + 𝑠 + 1
𝑠3 + 𝑠 .

c) 𝐹 (𝑠) = 5𝑠2 + 24𝑠 + 32
(𝑠 + 3)2(𝑠2 − 4) .

Problem 3.

Decide for each of the following statements whether it is true or false. Explain your answer.

a) If 𝑓 and 𝑔 are two functions for which the Laplace transform exists, then L(𝑓 + 𝑔) =
L(𝑓 ) + L(𝑔).

b) If 𝑓 and 𝑔 are two functions, for which the Laplace transform exists, then L(𝑓 · 𝑔) =
L(𝑓 ) · L(𝑔).

c) If the function 𝑓 satisfies 0 ≤ 𝑓 (𝑡) for all 𝑡 ≥ 0, then L(𝑓 ) (𝑠) ≥ 0 for all 𝑠 for which
L(𝑓 ) (𝑠) exists.

d) If the function 𝑓 is continuous and satisfies 0 ≤ 𝑓 (𝑡) ≤ 1 for all 𝑡 ≥ 0, then L(𝑓 ) (𝑠)
exists for all 𝑠 > 0.

e) If the function 𝑓 satisfies 0 ≤ 𝑓 (𝑡) ≤ 1 for all 𝑡 ≥ 0, then L(𝑓 ) (𝑠) exists for all 𝑠 > 0.

Problem 4. (Differential Equations)
Solve the following differential equations by using the Laplace transform.

a) 2𝑦′′ + 𝑦′ − 𝑦 = 0, 𝑦 (0) = 0, 𝑦′(0) = 1.

b) 𝑦′′′ + 𝑦′ = 1, 𝑦 (0) = 1, 𝑦′(0) = −1, 𝑦′′(0) = −1.

c) 𝑦′′ − 10𝑦′ + 9𝑦 = 5𝑡 , 𝑦 (0) = −1, 𝑦′(0) = 2.
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The next exercises are optional and should not be handed in!

Problem 5. (Transform by differentiation)

Considering the following differentiation properties of the Laplace transform

L{𝑡 𝑓 (𝑡)} = −𝐹 ′(𝑠), hence L−1{𝐹 ′(𝑠)} = −𝑡 𝑓 (𝑡)

a) Laplace transform using differentiation properties the following functions

𝑡e−𝑡 cos(𝑡), 𝑡2

2
sin(𝜋𝑡), 4𝑡 cos( 1

2
𝜋𝑡)

b) Inverse transform using differentiation properties the following functions

𝑠

(𝑠2 + 16)2 , ln
(
𝑠2 + 1
(𝑠 − 1)2

)
,

2𝑠 + 6
(𝑠2 + 6𝑠 + 10)2

Problem 6. (Bisection Method)
Consider the function

𝑓 (𝑥) = (1 − 𝑥)2𝑥+2 + (2𝑥 − 2)𝑥2 + 8(𝑥 − 1),

we want to find roots of 𝑓 (𝑥) on the interval [−3, 3].

a) Plot the function on the interval [−3, 3].

b) Do 4 iterations of the bisection method by hand. What root(s) did you find and what is
the error bound?

c) How many iterations are required to guarantee an error smaller than 10−3?

d) Use python to find roots of 𝑓 (𝑥) with an error smaller than 10−3.
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