
TMA4130/TMA4135 Matematikk 4N/4D
Høst 2024

Exercise #4

Submission Deadline:
20. September 2024, 23:59

Exercise #4

09. September 2024

Exercises marked with a (J) should be handed in as a Jupyter notebook.

Problems marked with 4N or 4D must be submitted only by the respective course, while
unmarked problems must be submitted by both courses.

Optional exercises will not be corrected.

Problem 1. (Bisection Method - J)
Consider the function

𝑓 (𝑥) = (2 − 2 · 3𝑥 )𝑥2 + 4(2𝑥 − 2)3𝑥 + 4(2 − 2𝑥).

We want to find roots of 𝑓 (𝑥) in the interval [−2, 3].

a) Plot the function on the interval [−2, 3].

b) Do 4 iterations of the bisection method by hand. After 4 iterations you have a narrowed
down interval [𝑎𝑛, 𝑏𝑛] in which the solution lies. Taking 𝑥 = (𝑎𝑛 + 𝑏𝑛)/2 as your
solution, which solution did you find? What is the error bound, i.e. the maximum
distance between 𝑥 and the exact solution?

c) How many iterations are at most required to guarantee an error smaller than 10−3?
Compute it analytically.

d) From the plot another root in the interval [−2, 3] can be seen. Proof that this really is a
root. Why is the bisection method not converging to this root?
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e) (J) Implement the bisection algorithm in python to find roots of 𝑓 (𝑥) with an error
smaller than 10−4 (again in the interval [−2, 3]). Check your result from c).

Problem 2. (Fixed-point method - J)

In this exercise, we will use fixed-point iterations to find the real root(s) of

𝑓 (𝑥) = 𝑥2 − 2𝑥 − 3 = (𝑥 − 3) (𝑥 + 1) = 0 . (1)

To apply the fixed-point algorithm, we first need to rewrite Eq. (1) as 𝑥 = 𝑔(𝑥), but this
representation is not unique. For example, we can write

𝑥 =
√
2𝑥 + 3 := 𝑔1(𝑥) , or 𝑥 =

𝑥2 − 3
2 := 𝑔2(𝑥) , or 𝑥 =

3
𝑥 − 2 := 𝑔3(𝑥) .

In fact, the algorithm’s convergence (and convergence speed) will depend on whether we
choose 𝑔1, 𝑔2 or 𝑔3 as our 𝑔(𝑥). We will experiment with all versions.

a) Find the expressions for 𝑔′1(𝑥), 𝑔′2(𝑥) and 𝑔′3(𝑥) and, based on that, answer: which one
would you rather select? Why?

b) (J) Set 𝑥 (0) = 4 and and iterate until |𝑥 (𝑘+1) − 𝑥 (𝑘) | < 10−6 with all the methods. What is
the solution obtained, and how many iterations are needed to reach it for the different
cases? Comment the results with respect to the expectations you had.

Problem 3. (Newton’s method - J)
Consider the function

𝑓 (𝑥) = −𝑥 + cos(𝑥).

We want to find the root of 𝑓 (𝑥).

a) Compute two steps with Newton’s method by hand, starting at 𝑥0 = 0.5.

b) (J) Implement Newton’s method for the problem at hand and use it to find the root of
𝑓 (𝑥) with error less than 10−5. Use 𝑥0 = 0.5 as starting point.

Problem 4.
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We consider the equation
cos(cos(𝑥)) = 3𝑥

2 .

a) Show that this equation has a unique solution 𝑥 ∈ R.

b) If you run the code below, you will obtain a value 𝑥 that is a numerical approximation
of 𝑥 . Provide an upper bound for the error 𝑒 := |𝑥 − 𝑥 |.

import numpy as np

def g(x):
return 2*np.cos(np.cos(x))/3

x = 0
x_old = 1

while np.abs(x_old -x) > 1e-6:
x_old = x
x = g(x)

print(x)
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The next exercises are optional and should not be handed in!

Problem 5. (Newton’s method for systems - J)
We are given the system of nonlinear equations

𝑥31 + 𝑥21 𝑥2 − 𝑥1𝑥3 = −6,
e𝑥1 + e𝑥2 − 𝑥3 = 0,

𝑥22 − 2𝑥1𝑥3 = 4.

Write a python program for solving this system by Newton’s method. Use x0 = (−1,−2, 1) as
a starting value, and iterate until ∥x𝑘+1 − x𝑘 ∥∞ < 10−6. How many iterations are needed in
this case?

You are encouraged to experiment a bit with different starting values.

Problem 6. (Gauß–Legendre quadrature)

The Gauß–Legendre quadrature with 4 nodes on the interval [−1, 1] is given by the nodes

𝑥0 = − 1
35

√︃
525 + 70

√
30, 𝑥1 = − 1

35

√︃
525 − 70

√
30, 𝑥2 =

1
35

√︃
525 − 70

√
30, 𝑥2 =

1
35

√︃
525 + 70

√
30

and the weights

𝑤0 =
1
36 (18 −

√
30), 𝑤1 =

1
36 (18 +

√
30), 𝑤2 =

1
36 (18 +

√
30), 𝑤3 =

1
36 (18 −

√
30).

a) Transfer this quadrature rule to the interval (−3, 3) to obtain an approximation𝐺ℎ ≈∫ 3
−3 𝑒

𝑥 𝑑𝑥 (use python or else for the actual computations, but no need to submit a
jupyter notebook).

b) For the Gauß–Legendre quadrature of a function 𝑓 using 𝑛 points on the interval [𝑎, 𝑏],
the error is

𝐸 =
(𝑏 − 𝑎)2𝑛+1(𝑛!)4
(2𝑛 + 1) [(2𝑛)!]3 𝑓

(2𝑛) (𝜉) (2)

for some 𝜉 ∈ (𝑎, 𝑏), provided the function 𝑓 is 2𝑛-times continuously differentiable.
This estimate is given and you don’t have to prove it. Based on the expression (2), what
error estimates 𝐸𝑚 would you expect for the composite Gauß–Legendre rule 𝐺𝑚? Give
a brief explanation considering the interval (𝑎, 𝑏) is divided in𝑚 subintervals each of
length ℎ = 𝑏−𝑎

𝑚
.
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c) Assume now that 𝑓 (𝑥) = 𝑥8

8! . In what follows you don’t have to compute the actual
numbers but you can leave the number 𝑛 as variable.

• use expression (2) to compute the error 𝐸1 of the approximation 𝐺1 =
∫ 3
−3 𝑓 (𝑥) 𝑑𝑥

considering the whole interval [𝑎, 𝑏] and the Gauß–Legendre quadrature above

• Imagine to split the interval in the intervals (−3, 0) and (0, 3) and compute the
error 𝐸2 for the resulting composite Gauß–Legendre quadrature

• Compute 𝐸2/𝐸1
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