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Exercise #3

02. September 2024

Exercises marked with a (J) should be handed in as a Jupyter notebook.

Problems marked with 4N or 4D must be submitted only by the respective course, while
unmarked problems must be submitted by both courses.

Optional exercises will not be corrected.

Problem 1. (Trapezoidal rule)

In this exercise we will study the trapezoidal rule in more detail.

a) Use the trapezoidal rule to approximate the integral

𝐼 =

∫ 𝜋
3

𝜋
4

sin2(𝑥) d𝑥 .

where 𝐼 is the exact integral and 𝐼ℎ is the approximate one.

b) Compute the error in your approximation, i. e.

𝐸 = |𝐼 − 𝐼ℎ |.

c) Recall the error bound for the trapezoidal rule,��𝐼 − 𝐼ℎ
�� ≤ (𝑏 − 𝑎)3

12
max
𝜉∈[𝑎,𝑏]

|𝑓 ′′(𝜉) |,
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where 𝑓 (𝑥) ∈ 𝐶𝑛+1 [𝑎, 𝑏].

Use the expression above to find an upper bound for the error 𝐸, and verify that the
actual error is less than the result you get.

Problem 2. (Gauß–Legendre quadrature)

The Gauß–Legendre quadrature 𝐺 (𝑓 ) (−1, 1) with 3 nodes on the interval [−1, 1] is given by
the nodes

𝑥0 = −
√︂

3
5
, 𝑥1 = 0, 𝑥2 = +

√︂
3
5
,

and the weights

𝑤0 =
5
9
, 𝑤1 =

8
9
, 𝑤2 =

5
9
.

a) Transfer this quadrature rule to an arbitrary interval (𝑎, 𝑏) to obtain an approximation

𝐺 (𝑓 ) (𝑎, 𝑏) ≈
∫ 𝑏

𝑎

𝑓 (𝑥) 𝑑𝑥.

One can show that the error for this quadrature rule satisfies

𝐸 (𝑎, 𝑏) =
∫ 𝑏

𝑎

𝑓 (𝑥) 𝑑𝑥 −𝐺 (𝑓 ) (𝑎, 𝑏) = (𝑏 − 𝑎)7
2016000

𝑓 (6) (𝜉) (1)

for some 𝜉 ∈ (𝑎, 𝑏), provided the function 𝑓 is 6-times continuously differentiable.

b) Based on the expression (1), what error estimates would you expect for the composite
Gauß–Legendre rule 𝐺𝑚? Give a brief explanation.
Recall that𝑚 stands for the number of sub-intervals in which the main interval (𝑎, 𝑏) is
divided.

c) Assume that (𝑎, 𝑏) is chosen small such that 𝑓 (6) is almost constant on (𝑎, 𝑏). Derive
error estimates for

𝐸1(𝑎, 𝑏) =
∫ 𝑏

𝑎

𝑓 (𝑥) 𝑑𝑥 −𝐺1(𝑎, 𝑏) and 𝐸2(𝑎, 𝑏) =
∫ 𝑏

𝑎

𝑓 (𝑥) 𝑑𝑥 −𝐺2(𝑎, 𝑏),

only based on the values of 𝐺1(𝑎, 𝑏) and 𝐺2(𝑎, 𝑏). Again, the sub-index stands for the
number of sub-intervals.
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Problem 3. (Composite trapezoidal rule)

In this exercise we will arrive at a composite formula for the trapezoidal rule, and study its
error. We first divide the interval [𝑎, 𝑏] into 𝑛 segments, each of length ℎ = 1/𝑛, and set
𝑥𝑖 = 𝑖ℎ, 𝑖 = 0, . . . , 𝑛.

a) Show that the composite trapezoidal rule takes the form

𝑇𝑛 [𝑓 ] (𝑎, 𝑏) =
𝑛−1∑︁
𝑖=0

𝑇 [𝑓 ] (𝑥𝑖, 𝑥𝑖+1) =
ℎ

2
(𝑓 (𝑥0) + 𝑓 (𝑥𝑛)) + ℎ

𝑛−1∑︁
𝑖=1

𝑓 (𝑥𝑖).

b) The error estimate for the trapezoidal rule is��𝐼 − 𝐼ℎ
�� ≤ (𝑏 − 𝑎)3

12
max
𝜉∈[𝑎,𝑏]

|𝑓 ′′(𝜉) |,

where 𝑓 (𝑥) ∈ 𝐶𝑛+1 [𝑎, 𝑏].
Use the estimate above (be careful about the interval!) to show that��𝐼 [𝑓 ] −𝑇𝑛 [𝑓 ]

�� ≤ 𝑀

𝑛2
,

where𝑀 = max
𝜉∈[𝑎,𝑏]

|𝑓 ′′(𝜉) |
12

.

c) Find an 𝑛, such that �����∫ 2

1

e𝑥

𝑥
𝑑𝑥 −𝑇𝑛

[e𝑥
𝑥

] ����� ≤ 10−5.

Problem 4. (Debug)

Consider the following Python code for a certain numerical method:
import numpy as np

def f(x):
return 2 -2*x
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def Method(f,a,b,N):
x = np.linspace(a,b,N +1)
S = 0
for i in range (N-1):

S = 0.5*( x[i+1] - x[i] )*( f(x[i+1]) + f(x[i]) )

return S

If the method had been implemented correctly, running Method(f,0,1,N) should return an
output equal to 1.0 regardless of the input 𝑁 . However, there are two mistakes in the code
that prevents this. In fact, running Method(f,0,1,2), Method(f,0,1,4) and Method(f,0,1,10), for
example, will return 0.75, 0.1875 and 0.03, respectively.

a) Find the mistakes and rewrite the incorrect lines so as to have the correct implementa-
tion.

b) Once the mistake is fixed, what numerical method will be effectively implemented?
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The next exercises are optional and should not be handed in!

Problem 5. (Adaptive trapezoidal rule)

Assume that the interval [𝑎, 𝑏] is chosen small enough such that 𝑓 ′′(𝑥) is constant on [𝑎, 𝑏],
and define𝑀 = − 𝑓 ′′ (𝑥)

12 . Then the error in the single interval can be expressed as,

𝐸1 = − (𝑏 − 𝑎)3
12

𝑓 ′′(𝜉) = 𝑀 (𝑏 − 𝑎)3.

If we split the interval [𝑎, 𝑏] in the middle and use the composite trapezoidal rule, we get,

𝐸2 = − (𝑏 − 𝑎)3
12𝑚2 𝑓 ′′(𝜉) = 𝑀 (𝑏 − 𝑎)3 1

4
.

a) Use the definition of the exact errors to derive that they can be approximated as

𝐸1 ≈
4
3
(𝑇2 −𝑇1)

𝐸2 ≈
1
3
(𝑇2 −𝑇1).

where 𝑇1 is the quadrature on the single interval and 𝑇2 is the quadrature on the split
one.

b) Implement a composite (see Problem 4) and an adaptive trapezoidal quadrature. Use the

adaptive rule to evaluate the integral
∫ 1

0
(𝑥7+1)𝑑𝑥 with an error tolerance of Tol = 10−5.

Compare the number of intervals needed in the two cases.

Hint: The implementation can be done recursively.

Problem 6. (Trapezoidal rule)

We consider in this problem the numerical integration of the function 𝑓 (𝑥) =
√
𝑥 on the

interval 𝐼 = [0, 1].

a) Implement the composite trapezoidal rule for the numerical computation of this integral.

b) Estimate the numerical converge rate for this method. That is, assume that the error
satisfies

err𝑚 :=
���𝑇𝑚 (0, 1) − ∫ 1

0

√
𝑥 𝑑𝑥

��� ≈ 𝐶ℎ𝑝,
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and estimate numerically the number 𝑝 . (Your estimated 𝑝 is not necessarily an integer!)

c) Explain why your result from part b) does not contradict the usual theory of the
trapezoidal rule.
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