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Exercises marked with a (J) should be handed in as a Jupyter notebook.

Problems marked with 4N or 4D must be submitted only by the respective course, while
unmarked problems must be submitted by both courses.

Optional exercises will not be corrected.

Problem 1. (Lagrange interpolation)

In the lectures and in Maths 3, you have seen how interpolation polynomials can be con-
structed by solving a system of linear equations. In this exercise, we will discuss an alternative,
direct approach, called Lagrange interpolation.

Given 𝑛 + 1 distinct points 𝑥𝑖 , 𝑖 = 0, . . . , 𝑛, we define the associated cardinal functions as

ℓ𝑖 (𝑥) =
𝑛∏
𝑗=0
𝑗≠𝑖

𝑥 − 𝑥 𝑗

𝑥𝑖 − 𝑥 𝑗
=

𝑥 − 𝑥0
𝑥𝑖 − 𝑥0

· . . . · 𝑥 − 𝑥𝑖−1
𝑥𝑖 − 𝑥𝑖−1

· 𝑥 − 𝑥𝑖+1
𝑥𝑖 − 𝑥𝑖+1

· . . . · 𝑥 − 𝑥𝑛

𝑥𝑖 − 𝑥𝑛
, 𝑖 = 0, . . . , 𝑛.

a) Compute the cardinal functions ℓ0(𝑥), ℓ1(𝑥), ℓ2(𝑥) explicitly for the points 𝑥0 = −2,
𝑥1 = 1, 𝑥2 = 5.

b) Verify that the cardinal functions satisfy the equations

ℓ𝑖 (𝑥𝑖) = 1 for all 𝑖 = 0, . . . , 𝑛,
ℓ𝑖 (𝑥 𝑗 ) = 0 for all 𝑖, 𝑗 = 0, . . . , 𝑛 with 𝑖 ≠ 𝑗 .
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c) Assume we are given points (𝑥𝑖, 𝑦𝑖)𝑛𝑖=0, with distinct values 𝑥𝑖 . Show that the interpola-
tion polynomial 𝑝𝑛 is given by

𝑝𝑛 (𝑥) =
𝑛∑︁
𝑖=0

𝑦𝑖ℓ𝑖 (𝑥).

Hint: You should verify this in two steps: First verify that each ℓ𝑖 is a polynomial of
degree 𝑛, since this also means their weighted sum 𝑝𝑛 is such a polynomial. Second,
verify that the interpolation conditions 𝑝𝑛 (𝑥𝑖) = 𝑦𝑖 , 𝑖 = 0, . . . , 𝑛 are satisfied.

d) Compute the interpolation polynomial for the points {(−2, 7), (1, 2), (5, 4)} with the
help of part a).

Problem 2. (Trigonometric interpolation)

In our first lectures, we saw how polynomials can be used to interpolate functions or discrete
datasets. That is actually not the only possibility, and in fact we can also use trigonometric
functions for interpolation. Namely, the set {1, sin𝑥, cos𝑥, sin 2𝑥, cos 2𝑥, ...} is a common basis
for that.

Let 𝑦 = 𝑓 (𝑥) = 1 + sin2 𝑥 be the function we wish to interpolate, for which we consider three
data points:

𝑖 0 1 2
𝑥𝑖 0 𝜋/6 𝜋/3
𝑦𝑖 1 5/4 7/4

Our task here is to construct a trigonometric function 𝑝 (𝑥) that goes through these three
points. Since 𝑓 (𝑥) is an even function, it suffices to use only cosine terms for the interpolation.
That is, we are looking for some

𝑝 (𝑥) = 𝛼0 + 𝛼1 cos𝑥 + 𝛼2 cos 2𝑥

such that 𝑝 (𝑥𝑖) = 𝑦𝑖 for 𝑖 = 0, 1, 2, with 𝛼0, 𝛼1 and 𝛼2 being three real coefficients to be
determined.

a) Based on the data in table, compute the interpolation coefficients 𝛼0, 𝛼1 and 𝛼2.
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b) Show that, for this particular case, we have 𝑝 (𝑥) = 𝑓 (𝑥) for all 𝑥 ∈ R, that is, the
interpolant is identical to the function being interpolated.
Hint: remember the trigonometric identity cos 2𝑥 = cos2 𝑥 − sin2 𝑥 .

Problem 3. (Polynomial interpolation)

a) Compute by hand the Lagrangian cardinal functions for the points

𝑥0 = −1, 𝑥1 = 0, 𝑥2 = 1, 𝑥3 = 2.

b) Consider the function

𝑓 (𝑥) = 2𝑥2−4−𝑥

and interpolate it by a polynomial of minimal degree by hand using the results above.

Problem 4. (Newton interpolation)

Consider the function

𝑓 (𝑥) = 3−(𝑥−1)2 .

a) Evaluate the function 𝑓 (𝑥) at the interpolation points

𝑥0 = −1, 𝑥1 = 0, 𝑥2 = 1, 𝑥3 = 2

and set up the table of divided differences.

b) Find the interpolating polynomial of minimal degree. Would you get the same result if
you were to find it with Lagrange interpolation?
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The next exercises are optional and should not be handed in!

Problem 5. (Polynomial interpolation - J)

a) Implement a Python algorithm that

• compute the Lagrangian cardinal functions for arbitrary interpolation points and,

• interpolate an arbitrary function by a polynomial of minimal degree.

The algorithm only returns the value of the interpolated function in an array of points
which is given as input.

Test your algorithm with the points

𝑥0 = −1, 𝑥1 = 0, 𝑥2 = 1, 𝑥3 = 2.

and interpolate the function

𝑓 (𝑥) = 2𝑥2−4−𝑥

What is the maximal error 𝑒 (𝑥) = |𝑓 (𝑥) − 𝑝 (𝑥) | on the intervals [−1, 2] and [−5, 5]?
Plot 𝑓 (𝑥) and 𝑝 (𝑥) in the same plot, on the interval [−1, 2].

b) The sequence of Chebyshev nodes on the reference interval [−1, 1] is

𝑧𝑘 = cos 𝜋2
2𝑘 + 1
𝑛

∈ [−1, 1], 𝑘 = 0, . . . , 𝑛 − 1

and can be transported on a general interval [𝑎, 𝑏] by

𝑥𝑘 =
𝑎 + 𝑏
2 + 𝑏 − 𝑎

2 𝑧𝑘 .

Find the Chebyshev nodes on the interval [−1, 2] for 𝑛 = 3.

c) Interpolate 𝑓 (𝑥) numerically in the Chebyshev nodes for 𝑛 = 3. What is the maximal
error on the intervals [−1, 2] and [−5, 5]? Plot 𝑓 (𝑥) and the interpolating polynomial
in the same plot, on the interval [−1, 2].
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d) Plot the error as a function in 𝑥 , for both interpolations (Lagrange and Chebyshev), on
the interval [−1, 2]. Plot both errors in the same plot.

Problem 6. (Polynomial interpolation - J)

We want to find a polynomial 𝑃 with real coefficients and degree at most 5 that approximates
sin(𝑥) on the interval [−𝜋, 𝜋] as good as possible in the sense that∫ 𝜋

−𝜋
| sin(𝑥) − 𝑃 (𝑥) |2d𝑥

is as small as possible.

We work in C[−𝜋, 𝜋] over R with inner product

⟨𝑓 , 𝑔⟩ =
∫ 𝜋

−𝜋
𝑓 (𝑥)𝑔(𝑥)d𝑥 .

You saw in class that by applying the Gram-Schmidt procedure to the basis {1, 𝑥, 𝑥2, 𝑥3, 𝑥4, 𝑥5}
of P5 (the subspace of continuous functions consisting of the polynomials with real coefficients
and degree at most 5) and then computing the orthogonal projection of 𝑟 (𝑥) = sin(𝑥) onto
P5, you get

𝑃 (𝑥) = 0.987862𝑥 − 0.155271𝑥3 + 0.00564312𝑥5.

You are asked to check, with the help of python, that 𝑃 (𝑥) is indeed the "best" approximation
of sin(𝑥) using polynomial at most 5.

Hint: have a look at the polyfit function provided by numpy: https://numpy.org/doc/stab
le/reference/generated/numpy.polyfit.html
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