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Exercise #13

11. November 2024

This exercise is only to be handed in if do not have 8 approved exercises. It will not be given
any feedback.

Problem 1. (Wave equation)

Consider the following wave equation

𝜕2𝑢

𝜕𝑡2
=
𝜕2𝑢

𝜕𝑥2
(1)

with boundary condition

𝑢 (0, 𝑡) = 𝑢 (𝐿, 𝑡) = 0,

and initial conditions

𝑢 (𝑥, 0) = 𝑥 (1 − 𝑥),
𝜕𝑢

𝜕𝑡
= 0

for 𝑥 ∈ [0, 𝐿] and 𝑡 ∈ [0,∞].

a) Using separation of variables, find a general solution 𝑢 (𝑥, 𝑡) for Eq. (1) fulfilling the
boundary conditions.

b) Let 𝐿 = 1 and apply the initial conditions to find the solution 𝑢 (𝑥, 𝑡) of Eq. (1)
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Problem 2.

Use D’Alembert’s method to find the solution of the wave equation

𝜕2𝑢

𝜕𝑡2
= 25

𝜕2𝑢

𝜕𝑥2

for 𝑡 > 0 and all 𝑥 ∈ R with initial conditions

𝑢 (𝑥, 0) = cos𝑥 and
𝜕𝑢 (𝑥, 0)

𝜕𝑡
= 𝑥e−4𝑥

2
.

Problem 3.

Use the Fourier transform to find the function 𝑢 (𝑥, 𝑡) satisfying the wave equation on an
infinite string

𝑢𝑡𝑡 = 𝑢𝑥𝑥 for −∞ < 𝑥 < ∞ and 𝑡 > 0

with the initial conditions

𝑢 (𝑥, 0) = 1
4𝑥2 + 𝑥 + 1

,

𝜕𝑡𝑢 (𝑥, 0) = 0

 for 𝑥 ∈ R.

Problem 4.

Use the Fourier transform to find the function 𝑢 (𝑥, 𝑡) satisfying the PDE

𝑢𝑡 = 𝑡𝑢𝑥𝑥 for 𝑥 ∈ R and 𝑡 > 0

with the initial condition
𝑢 (𝑥, 0) = 𝑒−2𝑥

2
for 𝑥 ∈ R.
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