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Exercise #12

4. November 2024

Exercises marked with a (J) should be handed in as a Jupyter notebook.

Problems marked with 4N or 4D must be submitted only by the respective course, while
unmarked problems must be submitted by both courses.

Optional exercises will not be corrected.

Problem 1. (PDEs)

a) Check that 𝑢 = 1
32𝜋5+8𝜋3 cos(2𝜋𝑥) solves the following equation on [0, 1],

𝜕5𝑢

𝜕𝑥5
− 𝜕3𝑢

𝜕𝑥3
= − sin(2𝜋𝑥),

where 𝑢 (0) = 𝑢 (1) = 1
32𝜋5+8𝜋3 .

b) Determine the constant 𝛼 ∈ R so that 𝑢 = 1
32𝜋5+8𝜋3 cos(2𝜋𝑥) + 𝛼 sin(4𝜋𝑥) solves,

𝜕5𝑢

𝜕𝑥5
− 𝜕3𝑢

𝜕𝑥3
= − sin(2𝜋𝑥) + cos(4𝜋𝑥), 𝑢 (0) = 𝑢 (1) = 1

32𝜋5 + 8𝜋3 .

Problem 2. (Superposition)
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In this problem we will consider the heat equation with 𝑥 ∈ [0, 1], 𝑡 ≥ 0 given by

𝜕𝑢

𝜕𝑡
− 𝜕2𝑢

𝜕𝑥2
= 𝑓 (𝑥). (1)

a) Consider (1) when 𝑓 (𝑥) = 0. Show that,

𝑢1 = 𝑒−4𝜋
2𝑡 cos(2𝜋𝑥), and 𝑢2 = 𝑒−16𝜋

2𝑡 cos(4𝜋𝑥),

solve the PDE in (1) in this case.

b) Argue that 𝑢1 + 𝑢2 is also a solution to (1) when 𝑓 (𝑥) = 0.

c) Set 𝑓 (𝑥) = sin(2𝜋𝑥). Show that,

𝑢3 =
1

4𝜋2 (1 − 𝑒−4𝜋
2𝑡 ) sin(2𝜋𝑥),

is a solution to (1) in this case. Is 𝑢3 + 𝑢3 a solution to (1) in this case?

d) We now impose boundary conditions and an initial condition on (1):

𝑢 (0, 𝑥) = 𝑔(𝑥), 𝑢 (𝑡, 0) = 𝑢 (𝑡, 1) = 0.

Set 𝑓 (𝑥) = sin(2𝜋𝑥) and 𝑔(𝑥) = 0, and check that 𝑢3 (from point c) solves (1) with these
boundary conditions, and the initial condition.

e) Now, set 𝑓 (𝑥) = 0 and 𝑔(𝑥) = sin(4𝜋𝑥), and denote the solution to (1) by 𝑢4. Check
that,

𝑢4 = 𝑒−16𝜋
2𝑡 sin(4𝜋𝑥).

Problem 3. (Classification of PDEs)

Classify the following PDEs into linear/nonlinear, homogeneous/inhomogeneous:

a) One dimensional heat equation,

𝜕

𝜕𝑡
𝑢 = 𝜕2𝑥𝑢.
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b) The Poisson equation describing torsion of prismatic bars:

𝜕2𝑢

𝜕𝑥2
+ 𝜕2𝑢

𝜕𝑦2
+𝐶 = 0 , with 𝐶 being a given real number.

c) The convection-reaction equation, with a non-zero reaction exponent 𝑛 ∈ N:

𝜕𝑢

𝜕𝑡
+ 𝜕𝑢

𝜕𝑥
+ 𝑥 𝑢𝑛 = 0.

d) The equation

𝜕𝑢

𝜕𝑥
+ 𝑢2 = 𝑥 .

e) The bi-harmonic equation in two dimensions:

𝜕4𝑢

𝜕𝑥4
+ 8

𝜕4𝑢

𝜕𝑥2𝜕𝑦2
+ 𝜕4𝑢

𝜕𝑦4
= 0 .
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Problem 4. (1D Heat Equation)

Consider the following heat equation

𝜕

𝜕𝑡
𝑢 − 3

𝜕2

𝜕𝑥2
𝑢 = 0, (2)

with boundary condition

𝑢 (0, 𝑡) = 𝑢 (𝜋, 𝑡) = 0,

and initial condition

𝑢 (𝑥, 0) = 𝑥 (𝑥 − 𝜋), (3)

for 𝑥 ∈ [0, 𝜋] and 𝑡 ∈ [0,∞].

a) Show that all non-trivial solutions on the form 𝑢 (𝑥, 𝑡) = 𝐹 (𝑥)𝐺 (𝑡) of the given heat
equation with boundary conditions are given by

𝑢𝑛 (𝑥, 𝑡) = 𝐵𝑛𝑒
−3𝑛2𝑡 sin(𝑛𝑥), 𝑛 = 1, 2, . . .

by using the separation of variables method.

b) Find all 𝐵𝑛 above so that𝑢 (𝑥, 𝑡) =
∑∞

𝑛=1 𝐵𝑛𝑒
−3𝑛2𝑡 sin(𝑛𝑥) is a solution to the heat equation

with the given boundary and initial conditions.
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The next exercises are optional and should not be handed in!

Problem 5. (Superposition)

The Riccati equation is an ODE that models a variety of physical phenomena. For example,
the velocity 𝑣 (𝑡) of a falling body subjected to gravitational and aerodynamic forces can be
described by the initial value problem (IVP)

𝑣′(𝑡) − 𝑣2(𝑡) = 1 , (4)
𝑣 (0) = 0 . (5)

To transform the Riccati equation into a linear, homogeneous ODE, we introduce a new
variable𝑢 (𝑡) such that 𝑣 (𝑡) = −𝑢′(𝑡)/𝑢 (𝑡) and𝑢 (0) = 1. This change of variables turns system
(4) into a second-order IVP:

𝑢′′(𝑡) + 𝑢 (𝑡) = 0 , (6)
𝑢′(0) = 0 , (7)
𝑢 (0) = 1 , (8)

which is easier to solve.

a) Explain why the Riccati equation, in its original form (4), does not admit superposition.

b) Let 𝑢1(𝑡) and 𝑢2(𝑡) be two functions satisfying both Eqs. (6) and (7), and consider also
that 𝑢1(0) = 3 and 𝑢2(0) = 2. Explain why the sum 𝑢1(𝑡) + 𝑢2(𝑡) does not satisfy the
linear IVP, while the difference 𝑢1(𝑡) − 𝑢2(𝑡) does.
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Problem 6. (Runge–Kutta method - J)

In this exercise we will study a Runge–Kutta method that is given by

𝑘1 = 𝑓 (𝑡𝑛, 𝑦𝑛)

𝑘2 = 𝑓

(
𝑡𝑛 +

ℎ

3
, 𝑦𝑛 +

𝑘1

3

)
𝑘3 = 𝑓

(
𝑡𝑛 +

2
3
ℎ, 𝑦𝑛 −

1
3
𝑘1 + 𝑘2

)
𝑘4 = 𝑓 (𝑡𝑛 + ℎ, 𝑦𝑛 + 𝑘1 − 𝑘2 + 𝑘3)

𝑦𝑛+1 = 𝑦𝑛 +
ℎ

8
(𝑘1 + 3𝑘2 + 3𝑘3 + 𝑘4)

a) Present the method in the form of a Butcher tableau.

b) Decide the order of the method.

c) Implement this method in Python.

d) Verify the convergence order numerically. For this you can use the example problem

𝑦′ = 2𝑡𝑦, 𝑦 (0) = 1,

which has the analytical solution 𝑦 (𝑡) = e𝑡2 , on the interval [0, 1].

Problem 7. (System of ODEs)

Write the second order linear ODE,

2𝑦 + 𝑦′ + 𝑦′′ + 1 = 0,
𝑦 (0) = 0,
𝑦′(0) = 2,

as a linear system of first order ODEs, and perform one step of Euler’s method with step size
1.

Problem 8. (Trigonometric series)

Determine the coefficients of the trigonometric Fourier series for:
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a) 𝑓 (𝑥) = 1/2 + cos(2𝑥) − 4 sin(4𝑥),

b) 𝑓 (𝑥) = 1 − sin2(𝑥),

c) 𝑓 (𝑥) = |𝑥 − 1| for −1 ≤ 𝑥 ≤ 1 , with period 𝑇 = 2𝐿 = 2.
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