TMA4130/TMA4135 Matematikk 4N/4D Exercise #11

Hgast 2024
Submission Deadline:

8. November 2024, 23:

Exercise #11

28. October 2024

Exercises marked with a (J) should be handed in as a Jupyter notebook.

Problems marked with 4N or 4D must be submitted only by the respective course, while
unmarked problems must be submitted by both courses.

Optional exercises will not be corrected.

Problem 1. (Fourier transform )

Compute the Fourier transform of f(x), where

a)
flx) = e
b)
_ x’ |x| S %’
flx) = {0, otherwise -
Problem 2.

Define the functions f, g: R — R as
f(x) = e™ and g(x) = e 2,

Use the Fourier transform in order to compute the convolution f * g.
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You may (and should) use the table in Kreyszig, p. 536, or the exam formula sheet, for the
2
computation of the Fourier transform of e™%* .

Problem 3.
Define the functions f, g: R — R as

L ifo ) X ifo<x <1,
if0<x <1,
f(x) = and g(x):=492-x ifl<x<2,
0 else,
0 else.

a) Use the definition of convolution in order to show that f * f = g.
b) Compute the Fourier transform of f.

c) Compute the Fourier transform of g.

Problem 4. (Discrete Fourier Transform)

T

For the signal f = (1,1,1,0)° € R* we want to consider the discrete Fourier transform

>l
f=74f

a) What does the matrix ¥4 look like?

A

b) Compute f.

c) Let c € R be given and assume that for another signal g we obtain § = (§o, g1, g2, §3) =
Fag with g, = g3 = c and gy = > = 0. What is the simplest function g(x) that could
have been sampled?

Hint: Think of a bandlimited function or a trigonometric polynomial g(x).

d) Is the inverse Fourier transform h = 7-‘8_% of h = (0,0,0,0,0,0,1,0) real-valued?
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The next exercises are optional and should not be handed in!

Problem 5. (FFT low pass filter - J)

While conducting an experiment there was an interfering signal. Thankfully the researchers
know that the interfering signal had frequencies higher than 8 Hz, while their experimental
data should only contain lower frequencies. Pretend the measured data are samples from

f(t) = sin®(27t) + cos (67t) cos (127t) sin (67t)
with sample resolution At = 0.001 in the interval [0, 4].

a) Plot the experimental data.

b) Compute the discrete Fourier transform of the data and plot the spectrum (plot | ﬁ| /N
against n/(NAt)) forn=0,1,...,|N/2], where | x| is x rounded down (floor) (there is
no need to plot the second half of the spectrum since it will simply be mirrored).

c) Now filter out all entries of f , whose frequency is higher than 8 Hz, compute the inverse
Fourier transform of the filtered data and plot the data and the filtered data together.

Problem 6. (Newton’s method - J)
Consider the function
f(x) =logx + sin(x).
We want to find the root of f(x).
a) Compute two steps with Newton’s method by hand, starting at x, = 0.5.
b) (J) Implement Newton’s method for the problem at hand and use it to find the root of

x) with error less than 1073. Use x, = 0.5 as starting point.
gp

Problem 7.

Use the Laplace transform in order to solve the following initial value problems:

a) y"+2y -8y =0,y(0) =1 y'(0) = -1
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b) y/// + y/ =1, y(O) =1, y’(o) =-1, y”(o) =-1.

c) y'+5y +4y =0, y(0) =3,y (0) =2.

Problem 8. (Dirac function rhs)

Consider the Dirac function §(t — a), with a > 0. In this exercise, you are asked to use the
Laplace transform to solve various initial value problems containing Dirac inputs.

a) Solve y” +4y = §(t — ), with y(0) = 8 and y’(0) = 0.
b) Solve y” +3y" +2y =10(sint + §(t — 1)), with y(0) =1and y'(0) = -1

c) Solve y” +2y" +5y = 25t —1005(t — x), with y(0) = -2 and y’(0) = 5.
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