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Exercise #10
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Exercises marked with a (J) should be handed in as a Jupyter notebook.

Problems marked with 4N or 4D must be submitted only by the respective course, while
unmarked problems must be submitted by both courses.

Optional exercises will not be corrected.

Problem 1. (Half-range Expansions)
Let 𝑓 (𝑥) = 𝜋 − 𝑥 on [0, 𝜋].

a) Extend 𝑓 (𝑥) to an even function with period 2𝜋 . Sketch the extension on the interval
[−3𝜋, 3𝜋], and find the Fourier series.

b) Extend 𝑓 (𝑥) to an odd function with period 2𝜋 . Sketch the extension on the interval
[−3𝜋, 3𝜋], and find the Fourier series.

Problem 2. (Parseval)

a) Compute the Fourier series of the 2𝜋-periodic function

𝑓 (𝑥) =
{
1, −𝜋 < 𝑥 ≤ 0
−1, 0 < 𝑥 < 𝜋
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b) Use Parseval’s identity to prove that
∞∑︁
𝑛=1

1
(2𝑛 − 1)2 =

𝜋2

8
.

Problem 3. (Gibbs phenomenon - J)

In this exercise, we will illustrate what happens when we try to use Fourier series to describe
a discontinuous function 𝑓 (𝑥). Let’s consider 1 − 𝑥 , 𝑥 ∈ [0, 1], and its odd extension to
the interval [−1, 0],which has a discontinuity at 𝑥 = 0 and 𝐿 = 1. As usual, the truncated
trigonometric series can be written as

𝑆𝑁 (𝑥) = 𝑎0 +
𝑁∑︁
𝑛=1

𝑎𝑛 cos𝑛𝜋𝑥 + 𝑏𝑛 sin𝑛𝜋𝑥 , 𝑛 ∈ N .

We will numerically investigate what happens to 𝑆𝑁 (𝑥) when 𝑁 is chosen larger and larger.

a) Determine an expression for the trigonometric Fourier coefficients 𝑎0, 𝑎𝑛 and 𝑏𝑛 .

b) Using the Jupyter notebook Gibbs.ipynb, plot 𝑓 (𝑥) and 𝑆𝑁 (𝑥) for 𝑁 = 5, 20 and 100.

c) We can easily verify that, at 𝑥 = 0, the function’s value jumps from −1 to 1. Let’s define
the global error as

𝜀𝑁 := max{|𝑆𝑁 (𝑥) − 𝑓 (𝑥) |} , 𝑥 ∈ [−1, 1] ,
as already implemented in the same Jupyter notebook. Following that, compute 𝜀𝑁 for
𝑁 = 1000. In percentual terms, how large is this error with respect to the jump height
2?

Problem 4. (Error)
Let 𝑓 (𝑥) = 𝑥 on [−𝜋, 𝜋].

a) Find the fourier series of f(x).

b) Define the truncated fourier series 𝑆𝑁 (𝑥) = 𝑎0 +
∑𝑁

𝑛=1(𝑎𝑛 cos(𝑛𝑥) + 𝑏𝑛 sin(𝑛𝑥)) of 𝑓 (𝑥)
from a). The square error of the approximation is given by

𝐸𝑁 =

∫ 𝜋

−𝜋
(𝑓 (𝑥) − 𝑆𝑁 )2𝑑𝑥 .
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How many terms are needed to make the error smaller than 3?
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The next exercises are optional and should not be handed in!

Problem 5. (Half-range trigonometric expansion)

Consider a function 𝑓 (𝑥) defined for 𝑥 ∈ [0, 𝐿], not necessarily periodic. To approximate
𝑓 (𝑥) using Fourier series, we can extend 𝑓 (𝑥) to the interval 𝑥 ∈ [−𝐿, 0] so as to get either
an odd or even function. The even extension may be more advantageous in some situations,
while in other cases the odd one can be better. We will investigate both scenarios in this
exercise, using truncated series.

a) Consider 𝑓 (𝑥) = e𝑥 , 0 ≤ 𝑥 ≤ 1. Sketch (draw or plot) the odd and the even extensions
of 𝑓 (𝑥) in the interval −1 ≤ 𝑥 ≤ 1.

b) Based on your sketch, answer: which of the extensions should be easier to approximate
with a Fourier partial sum? In other words, if we fix the number 𝑁 of terms in the series,
for which case (even or odd extension) can we expect a better approximation of 𝑓 (𝑥)?
Hint: If the extended function is continuous in the point considered, the approximation
will be better. If it is differentiable, we can expect an even better approximation.

c) Now, consider 𝑓 (𝑥) = 𝑥 − 𝑥2, 0 ≤ 𝑥 ≤ 1, and sketch again the odd and the even
extensions. Which one is smoother now?

d) Still considering the function from (c), compute the Fourier coefficients of its odd and
even extensions. In which case do the coefficients (𝑎𝑛 or 𝑏𝑛) go faster to 0 as 𝑛 → ∞?

Problem 6. (Infinite sums)

In this exercise, we will use Fourier series and coefficients to show a few identities.

a) Consider the 2𝜋-periodic function 𝑓 (𝑥) =


−𝜋 − 𝑥 if − 𝜋 < 𝑥 < −𝜋

2 ,

𝑥 if − 𝜋
2 < 𝑥 < 𝜋

2 ,

𝜋 − 𝑥 if 𝜋
2 < 𝑥 ≤ 𝜋.

Compute its Fourier coefficients and use the result, together with Parseval’s identity
(you just need that the trigonometric polynomials are orthogonal), to show that

∞∑︁
𝑛=0

1
(2𝑛 + 1)4 =

𝜋4

96
.
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b) Consider the function 𝑓 (𝑥) = 𝑥 , defined for 𝑥 ∈ [0, 1]. Compute the Fourier series of its
even extension, and use the result to show that

1 + 1
32

+ 1
52

+ 1
72

+ 1
92

+ ... =
𝜋2

8
.

c) Now, considering the same function 𝑓 (𝑥) from (b), compute the Fourier series of its
odd extension and use the result to show that

1 − 1
3
+ 1
5
− 1
7
+ 1
9
− 1
11

+ ... =
𝜋

4
.
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