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In this sheet, you can �nd several implementation-related problems that are of the same form
as the ones that could be given in the exam. This exercise should not be handed in!

Problem 1.

Consider the following implementation of a quadrature rule:
import numpy as np

[a, b] = 0.5, 1

def f(x):
return np.exp(-x**2)

S = (f(a)+4*f(.5*(a+b))+f(b))/6

a) The formula implemented in the last line has a mistake that will lead to the wrong
output S. Rewrite that line with the correct formula.

b) Once the mistake is corrected, what numerical method will be implemented?

c) After correcting the mistake, what value will the output S have?

Problem 2.

Consider the following implementation of an iterative method:
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from numpy import cos , sin , log

x = 0.5
err = abs(sin(x)+log(x))

while err > 1e-6:
dx = -(sin(x)+log(x))/(cos(x)+1/x)
x = x + dx
err = abs(dx)

print(x)

a) What method is implemented above?

b) Write down the speci�c equation being (iteratively) solved by the algorithm.

Problem 3.

We consider the solution of the equation

cos(cos(𝑥)) = 3𝑥
2
.

a) Show that this equation has a unique solution 𝑥 ∈ R.

b) If you run the code below, you will obtain a value 𝑥 that is a numerical approximation
of 𝑥 . Provide an upper bound for the error 𝑒 := |𝑥 − 𝑥 |.

import numpy as np

def g(x):
return 2*np.cos(np.cos(x))/3

x = 0
x_old = 1

while np.abs(x_old -x) > 1e-6:
x_old = x
x = g(x)

print(x)
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Problem 4.

We consider the numerical solution of the of ODEs

𝑦′(𝑡) = −𝑎𝑡𝑦 (𝑡) + 𝑏, 𝑦 (0) = 𝑦0.

Here 𝑎 > 0, 𝑏 ∈ R and 𝑦0 ∈ R are given numbers.

The following code tries to implement a function that returns the numerical result after 𝑁
steps of the implicit Euler method for this problem with step length ℎ. However, it contains
two errors. Find them!
import numpy as np

def iEuler(a,b,y0,h,N):
y = y0
t = 0
for n in range(N):

y = (y+b)/(1+t*h*a)
t = t+h

return(y)

Problem 5.

Consider the following implementation of a certain Runge–Kutta method:
import numpy as np
from numpy import sin , exp

y0 = np.array([pi/3, 0])
T = 10
h = 0.1
ys = [y0]
ts = [0]

def f(t,y):
f = np.array([y[1], (exp(-t) -1)*sin(y[0])])
return f

while(ts[-1] < T):
t, y = ts[-1], ys[-1]
k1 = f(t,y)
k2 = f(t+h/2, y+h*k1/2)
ys.append(y + h*k2)
ts.append(t + h)
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a) Write down the Butcher tableau for the method implemented above.

b) Write down the initial value problem being solved in the code.

c) Rewrite this initial value problem as a scalar, second-order ODE (with corresponding
initial conditions).

Problem 6.

We consider the heat equation

𝜕𝑡𝑢 = 𝜕𝑥𝑥𝑢 for 0 < 𝑥 < 1 and 𝑡 > 0

with initial conditions
𝑢 (𝑥, 0) = 𝑥3 for 0 < 𝑥 < 1

and boundary conditions
𝑢 (0, 𝑡) = 0
𝑢 (1, 𝑡) = 1

}
for 𝑡 > 0.

The following code computes a numerical solution of this problem using the explicit Euler
method.
import numpy as np

M = 10
h = 1/M
x = np.linspace (0,1,M+1)
k = 1/200
N = 400
r = k/h**2

U = np.zeros([M+1,N+1])

U[:,0] = x**3

for n in range(N):
U[0,n+1] = 0
U[1:-1,n+1] = U[1:-1,n] + r*(U[0:-2,n] - 2*U[1:-1,n] + U[2:,n])
U[-1,n+1] = 1
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How must the last line be changed, if we want to solve the same problem with the boundary
conditions

𝑢 (0, 𝑡) = 0
𝜕𝑥𝑢 (1, 𝑡) = 1

}
for 𝑡 > 0

instead?
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